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Math Reference U

The Math Reference U document is not to be distributed and is strictly for personal and
referral use.

Certain math problems and/or examples may have steps missed or cut from the full
problem; also, certain examples are taken from other sources not cited therefore contents
of this package is simply an organization of examples and lessons.

All information covered in this package is not professionally edited therefore be aware
that there is not 100% accurate information in this package.

Please refrain from misuse of this package and only use it for its intended purpose.
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Basics

Symbols

Symbol
+

X

+
vV VIANA QI
+

08|

*< S A A

<
>

N
~r=npanNE ] |- 87

m - =

B DC:

Term
Addition operator: plus, add, sum
Subtraction operator: minus, subtract, difference
Multiplication operator: multiply, product, sum

Bullet operator: multiply; notations: variable or constant to bracket or variable

Division operator: divide, quotient

Slash operator: divide; notations: fractional

Equals: Total of equation

Almost equal or approximately

Less than: requires 2 constants or variables

Less than or equal: requires 2 constants or variables

Greater than: requires 2 constants or variables

Greater than or equal: requires 2 constants or variables

Plus minus: positive to negative; Minus Plus: negative to positive
Infinity

Degree (360)

Increment; Change in; Delta; or triangle

Decline

Pi constant: 3.1415926535898

Phi constant/golden ratio: 1.61803399

Square root operator; negation to square

Exponent operator: to the power of, multiply; Exponent operator
Subscript: Used to array variables

Math Reference U

Negation

+

M ¥HA AR XX

+l
+

|
8

Percentage: expressed as a fraction when over 100 or decimal when less than 1
Factorial: multiplies all terms from an integer down to 1, can’t be less than 1

Isolated term

Brackets: alternate between square and curved; also interval notation

Right Angle: 90 degrees
Angle

Measured Angle

Spherical angle

Right angle with arc

Right triangle

Equal and parallel to
Perpendicular to

Does not divide

Parallel

Ratio: comparing 2 or more values
Element of: relations

Real Number

Because; since

Therefore

Union: or inclusive

Theta: objective angle to find
Alpha: variable notation

End
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Equations

Name
Mixed Number

Fraction Exponent
Multiplying Exponents
Dividing Exponents

Bracket Exponent
Distributive Property Exponent
Distributive Property

Length Line Segment
Midpoint Line Segment

Line Substitution

Circle Formula

Circle Centroid

Sum of Interior Angles
Factoring Trinomial
Quadratic Function

Expanded Quadratic Function
Square Quadratic Function
Quadratic Formula
Trigonometry Functions

Sine Law

Reverse Sine Law

WWW.RUSTOMPATEL.COM
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Equation

Z= (yz+x)
z—=(yz+x
y

a\¢ a‘
B =5
a® X g™ = ghtm
at*xa™=ag" ™
C
(ab) = gb¢

(ab)c — (albl)c — (alcblc)

a(x+y)=ax+ay

L= \/(xz —x1)%+ (2 —y1)?
(x1 + X y1 t }’2>

2 2
y—y1=mx—x)
X% 492 = p2
x-p2+-g?=r?
180(n — 2)
ax? +bx +c
y=ax?+k
y=a(x—h)?+k

y=ax?+bx+c

3 —b +Vb? — 4ac
= 2a

SOH-CAH-TOA

a b c

sinA sinB sinC

sin4d sinB sinC

a b
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Cosine Law

Reverse Cosine Law

Arithmetic Sequence
Arithmetic Series
Alternative Arithmetic Series
Geometric Sequence
Geometric Series
Compound Interest
Present Value

Ordinary Annuity
Present Ordinary Annuity
Power Function

First Difference
Polynomial Families
Difference of Cubes

Sum of Cubes

WWW.RUSTOMPATEL.COM
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a? = b%? + c? — 2bccos A
b%? = a? + c? — 2accosB
c?>=a?+b%?—2abcosC
b? + c? — @?
C0OSA=—————

2bc

a® + c? — b?

cosB=————
2ac

- a® + b? — c?
cosC = T

t,=a+n—-1d
n
Sn=§(a+tn)

n
Sp = E(Za +(n—-1d)

t, = ar™®?!

a(r™—-1)
=TT

A=P(1+0)"

,r+1

P=A1+)™

p :R((1+?)"—1)

,_RO- (11_ +O™
l

Y =apx™ + ap X"+ an_x" 2+ L+ a + ag
¢ =a(n!)
y=k(x—a))(x—a)(x—as)..(x —ay)

a®>—b3 = (a—b)(a*—ab + b?)

a®+ b3 = (a+b)(a®—ab + b?)
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Physics
Name Equation
Density m
D=—
V
Motion
! d=v—t
Average \(elocity and vy — v,
Acceleration a= ,
Uniform Motion with Constant 1
Acceleration d=v;-t+ oh a-t2
Newton’s Second Law
F=m-a
Gravity _G-my-my
g~ d2
Momentum
p=m-—v
Work and Power
W=F—-—dP =—
Ener 1
7 K.E.= 7'm v?
Static Electricity k-q,-q,
FE =
d2
Current Electricity
W
v=—i=1
q t
W=V-I1-t
P=V-1I
Energy Transfer
&Y q =m- cAT
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Terms
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General

Expression: a mathematical sentence without an equal sign (=). The only way to solve an
expression is through substitution

Equation: a mathematical sentence with an equal sign (=)

An equation is a math statement that states 2 expressions are equal

Example: —3x+3=2x—-2

A solution is the value of the variable that makes an equation

Example: —3x+3=2x—-2
—3x—2x=-2-3
—5x =5
-5 -5
x=1

A formula describes an algebraic relationship between 2 or more variables
Q.E.D. means that what you have set out to prove has been proven true

Global Variables

WWW.RUSTOMPATEL.COM

A: Area

P: Perimeter
V:Volume

l: Length

w: Width

h: Height

b: Base

m: Slope

v: Velocity

d: Distance

t: Time

I: Interest

i: Imaginary number
p: Principle

r: Rate or hypotenuse
x: Horizontal axis

y: Vertical axis
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Adding

Adding in sequence in linear

Example: 25+ 37 = 62

Adding with multiple values in linear

Example: 25+ 25+ 89+ 45

e When adding with decimals, align decimals up then solve

WWW.RUSTOMPATEL.COM
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Subtracting

Subtracting in sequence in linear

Example: 100 —25=175

Subtracting with multiple values in linear

Example: 100 — 25 —-50 =25

e When subtracting in professional, greater number goes on top

e You can only subtract 2 values at a time

e If the greater value is NOT first or on top, the value of the 2 digits will be negative
e When subtracting with decimals, align all decimals up and solve

Example: 25-100 = =75

WWW.RUSTOMPATEL.COM 8
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Multiplying

Multiplying in sequence in linear

Example: 2x 50 =100

Multiplying multiple values in linear

Example: 2 X2 x8=32

o When multiplying with multiple values in professional , every new value, in the result, insert a 0
e When multiplying with decimals, aligh decimals up, solve the question without decimals, then,
for every digit before the decimal, is how many decimal places are in the result

Multiplication Chart (12 X 12)

X 1 2 3 4 5 6 7 8 9 10 11 12
1 1 2 3 4 5 6 7 8 9 10 11 12
2 2 4 6 8 10 12 14 16 18 20 22 24
3 3 6 9 12 15 18 21 24 27 30 33 36
4 4 8 12 16 20 24 28 32 36 40 44 48
5 5 10 15 20 25 30 35 40 45 50 55 60
6 6 12 18 24 30 36 42 48 54 60 66 72
7 7 14 21 28 35 42 49 56 63 70 77 84
8 8 16 24 32 40 48 56 64 72 80 88 96
9 9 18 27 36 45 54 63 72 81 90 99 108

10 10 20 30 40 50 60 70 80 90 100 110 120
11 11 22 33 44 55 66 77 88 99 110 121 132
12 12 24 36 48 60 72 84 96 108 120 132 144

—

WWW.RUSTOMPATEL.COM 9
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Dividing
Dividing in sequence in linear

Example: 50+2=25

Dividing multiple values in linear

Example: 50 +2 +5=5

o Divide only 2 values at a time

e |n professional, smaller number goes outside and the greater number goes inside leaving the
value for the top

o  When dividing with decimals, convert all the number to whole numbers, then divide

WWW.RUSTOMPATEL.COM 10
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Integers

Adding integers

e When the negative integer is next to a positive symbol or addition operator, change it to a
negative operator

Example: 5+(-7)=5-7= -2

e When there are 2 negative integers, subtract the two values together and you will end up with a
negative result

Example: -3+ (-4)=-3—-4= -7
e When given several different integers, do it in order
Example: —2+(-4+(-5=-2-4-5=-11

Subtracting integers

e When a negative operator is next to a negative integer, the integer and operator both become

positive

Example: 5—-(—3)= 5+3=38

Example: —-8—-(-3)= -8+3= -5

Example: 5+(—4)— (-5)— 6=5-4+5-6=0

Number Line
Effective way to add and subtract integers

A

54 (-7)=-2

y

A
oV

34 (—4)=-7

WWW.RUSTOMPATEL.COM 11
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Multiplying and dividing integers

o When multiplying or dividing integers, there is a very simple rule to determine if the result will
be negative or positive

X or =+
+
— — +

+
+

e The chart above shows that when multiplying 2 positive integers or 2 negative integers, the
result is positive; while a positive and a negative integer have a negative result

Example: —10 x2 = =20
Example: -10 = (-2)=5
Example: 10 =+ (=5) = -2

WWW.RUSTOMPATEL.COM 12
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Fractions

Using Fractions

The numerator is the number on top and denominator is the number on the bottom
The numerator is always the amount of the whole that is being taken up while the denominator
tells you what the whole is out of

Numerator
Formula: —_—
Denominator

Fractions are can be solved into decimal by dividing the numerator over denominator

Example in professional: %
Example in linear: 2/5
Example in decimal: 0.4

If the denominator is 1 and the numerator is a whole number, then the fraction in lowest terms
is the numerator

Example: %z 4

When you are trying to convert the fraction into lowest terms, be sure that whatever is done to
the numerator is done to the denominator. Remember that a numerator or denominator can’t
be a decimal, they must be whole numbers

10 _ 10/2 _ 5

2 2/2 1=5

Example:

If you ever require to convert a whole number in a fraction, remember how to identify a whole
number

RO

Example: 6 =

WWW.RUSTOMPATEL.COM
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Reciprocals

Reciprocals can be used on either fractions or numbers by using the opposite case

If you want to find the reciprocal of a whole number, put the number over 1 (since a whole
number, when expressed as a fraction is on top of 1, flip the 2 values, therefore the whole
number becomes the denominator)

5 1
Example: 5= i

If you want to find the reciprocal of a fraction, flip the numerator and denominator

2
Example: o=

Adding Fractions

Find the lowest common denominator (LCD) before multiplying all values in a fraction by a set
digit, then the other fraction by a different digit

2 3
Example: -4+ =
P 5 t 10

To solve, you must first multiply the first fraction by 2; numerator and denominator. Then you
will get % + % = % + % then simply add the numerators up to get 1—70

You always want to have common denominators when adding

Only add the numerators and not the denominators

Remember to always express in lowest terms by dividing the whole fraction by a set value
Another way of getting the LCD is by using prime factoring, which means by finding the values
of denominators through multiplying prime numbers. Start with factors of the first number
then add any missing factors from the other number

Example: % and %, LCD =24

6=2x%Xx3,8=2 X2 X2

LCD=2 X3 X2X2=24

Subtracting Fractions

Find a common denominator before multiplying all values in a fraction by a set digit, then the
other fraction by a different digit. Then subtract numerators

You always want to have common denominators when subtracting

Only subtract the numerators and not the denominators

4 3 _ 4x5 3x6 _ 20 18 _ 2 1
Example: S =22 2o L
6 5 6x5 5x6 30 30 30 15

WWW.RUSTOMPATEL.COM 14
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Multiplying Fractions

o Simply multiply the numerator to the numerator and denominator to denominator regardless
of the values

SN
|

3
Example: = X
5 20

e Remember to always place in lowest terms by dividing all values by a set digit.
Example: L2

e You can also simplify your question by converting opposite numerators and denominators into
lowest common numbers

Sl w
|
wIN
X
e
Il
wlN

8
Example: 5 X

Dividing Fractions
e Leave the first fraction along and then convert the second fraction to its reciprocal, then

multiply

8 16 8
X - = — = —
7 42 21

® |
N

2
Example: Pl

e You can also simplify your question by converting opposite numerators and denominators into
lowest common numbers after the reciprocal is done

2 _ 4 2 9 1 _9
Example: ity l_Zxl=2
5 9 5 4 5 2

WWW.RUSTOMPATEL.COM 15




9\? Math Reference U

Mixed Numbers

o A mixed number occurs when the numerator is greater than the denominator
21
Example: =

e To solve this, see how many times the denominator goes into the numerator, write the result
before the fraction and leave the remainder where the numerator was with the same
denominator

21 1
Example: <= 45
e To convert a mixed number into a fraction, multiply the denominator by the whole number and

add the numerator

Formula: Z§ = (yz+x)
Example: 1= 2
5 5
Decimals

e A decimal less than 1 can become a fraction. Given that in percent, a number less than 1 is only
out of 100, thus, any decimal given over 100 is a fraction. Then express in lowest terms

Example: 025= 2= =1
100 4

e To get a decimal from a fraction, divide the numerator by the denominator

Example: % =0.2

Fractions, Decimals, Percents Conversions Chart

Fractions Decimals Percents Fractions Decimals Percents
1 1.0 100% 1/6 0.16 16.6%
1/2 0.5 50% 1/8 0.125 12.5%
1/3 0.3 33.3% 1/10 0.1 10%
1/4 0.25 25% 2/3 0.6 66.6%
1/5 0.2 20% 3/4 0.75 75%

—
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Percent

Fractions and Percentages are very similar. To find a percentage of something, multiply the percent to
the number and divide by 100

Example: 25% of 300
300 x 25 +-100 =175

e You can also convert the percentage into percent by making it less than one or dividing that
value by 100

Example: 15% of 250
250 X 0.15 =375

e In a pie chart, you may want to find the percent of a section. When given the angle, you divide
it by 360 and multiply by 100

Example: 90° + 360° x 100 = 25%

WWW.RUSTOMPATEL.COM 17
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Ratios
Ratios are when you are comparing 1 thing to another

Example: 1:2

e Inthis example, it is for everyone item, there is 2, therefore the ratio is 1 to 2
e You always want to express in lowest terms

Example: 4:6:16=2:3:8

e In some cases, a question may give you a set of ratios and another with a missing value or
values. Simply find what the alternative number was multiplied or divided by

Example: 4:6:8

e All that is required is one relation to be full
Example: ?7:5:10=5:7:50

5
10 x5=50; 5 x5 =25; §=1
~1:5:10=5: 25 : 50

e Ratios can also be expressed as fractions by rearranging the ratio; numerator and denominator
31
Example: 3:6==-= -
6 2
e Ratios are also used for probability by comparing the likeliness of something against the total

Example: 4:6

WWW.RUSTOMPATEL.COM 18
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Exponents
Exponents can be expressed as a number to the power of or square(s)

Formula: xY, x = Base,y = Exponent
Example: 23
e The example is expressing 2 to the power of 3, there for, 2 is multiplied by 2 three times.
Example in professional: 23=2x2%x2=8
Example in linear: 273

e When you have a negative base, there are two simple ways to solve

=  Write it in expanded form

= [f the exponent is even, the number is positive and vice-versa
e Ensure that the negative exponent is in brackets

Example: (=323 =(-3) x (-3) x (-3)= =27
-33= -3 x3x3=-27

Example: (—4)* = 256
—4% = —256

e When we have a negative exponent, we use the reciprocal of the number converting it into a
denominator bringing the exponent with us, and making it positive

Example: 473 = = =0.015625
4

e Express as a power of

Example: Express as a power of 10 : 100 = 1072

Example: Express as a power of 2 : 128 = 27

WWW.RUSTOMPATEL.COM 19
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Exponents with Fractional Bases

e Simply write in expanded form

2\2 2. 2_2 8
Example: (—) = =-X=-X=-=—
3 37373 27

e Brackets are necessary for otherwise the exponent only applies to either the numerator or
denominator, not the whole fraction or base

Formula: (a)c =«
) b) ~ be

o Negative fractions usually apply to the numerator

Example: (— §)2 = (_?2)2 = %

Multiplying and dividing exponents

o When multiplying exponents, we simply add the exponents together ONLY if the bases are

equivalent
Formula: a™ x am = g"tm
Example: 52 x 53 = 52*3 =55 = 3125

e When dividing exponents, we simply subtract the exponents together ONLY if the bases are

equivalent
Formula: a*+am =qg"™™m
Example: 25+23=253=22=4

Brackets and exponents

e When we have an exponent inside a bracket and an exponent outside the bracket, we multiply
the 2 exponents

Formula: (ab)c = qb°

Example: (4%)3 = 4273 = 45 = 4096

WWW.RUSTOMPATEL.COM 20
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Distributive property with exponents
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When there are 2 values inside a bracket, both with exponents and an exponent outside the

bracket, the exponent outside, is multiplied to all.

= 18a’b®

Formula: (ab)¢ = (a'bV)¢ = (alcblc)
Example: (a?b?)? = (a?*?h3*?) = a*h®
Example: (2ab?)*x(3a%p?)° _ (2%a?b*)x(3%a%b*) _ (4ab*)x(9ab*) _ 36a°D°

2ab3 2ab3

Anything raised to the power of 0 is 1

Formula: x%=1

Example: 50 =1

Keep in mind Exponent Laws

6a~2p3
(Zazb—l)
(3a—4b—2)—2
372q8p*
a®b*
9

(3x3)(6xy*)
—9xy?
18x*y>
—9xy2
_2x3y3

-2

Example:

Example:

WWW.RUSTOMPATEL.COM
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Exponent Law

Law
Multiplication

Division
Power Law
Power of a product
Power of a quotient
Zero exponent

Negative exponent

WWW.RUSTOMPATEL.COM

Equation
a x g™ = gmtn

(a®)™ = qxm

(ab)™ = a™p™

aym  a™
G) =
a®=1a+#0
al=—,a+#0

Math Reference U
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Square Roots
A square root is a real number which is squared to make its result

Formula: Vx

Example: V25
52=25 ~+25=5

e Square roots are the opposites of squares but when transferred, it carries both positive and
negative operations

Formula: +/x
Example: 3x2 =432
432
2
=73
x = +vV144
x=12o0or—12

e Square roots with variables with exponents; to solve, square root any constant and eliminate
the exponent

Example: V4a? = 2a

Squares and Square Roots

x x? Vx x x? Vx
1 1 1 9 81 3

2 4 1.414 25 625 5

3 9 1.732 100 10000 10
4 16 2 1/2 1/4 0.707
5 25 2.236 1/4 1/16 1/2

—

WWW.RUSTOMPATEL.COM
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e To break a square root, for factoring purposes, find 2 terms that multiply to create the original
square root

21424
Example: x ==
2+V4/6
xX=—
2
e When given a negative term within the square root, the result will always be inadmissible or
rejected
Example: V—204 = Inadmissable, rejected

WWW.RUSTOMPATEL.COM 24
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Rational Exponents

Rational exponents are a combination of square roots and exponents.

A rational number can be written in a fraction

m
Formula: (W) ;n = nth root, x = radicand, m = exponent

There are 2 forms

Example: (W)m — Radical form
Example: (x) » - Exponent form

These 2 forms will result in the same value
Remember that a blank notation on a square root still has the exponent value of 2

Example: V9 =3
(9)% =3

Example: V8 =2
(8)% =2

Example: V16 =2
(16)% =02

Basic conversion from radical form to exponent form
n—m m
Formula: (Vx) " - (x)n

Working with negative fractional exponents requires conversion into positive to solve

1 1

Example: 7% = (%); =17

To solve a radical, the numerator must always be 1

Example: 57 5 (&)_; — (&)3 % ; _ 7\/@ _ 7\/%

2
Example: 35 > 32 x % =39

WWW.RUSTOMPATEL.COM 25
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Algebra and rational exponents work similar to the formula

Denominators for on the index of the radical and the numerator is carried with the radicand

3
2 5
Example: as = Va3

Reciprocal the base to get a positive number in the exponent

1 3
_3 3 3 42
25\ 2 4\2 2 23 8
Example: — == =—= == —
4 25 253 1 53 125
252

Attempt to simplify when possible

1

Example: (_—27)5 =3
-8 2

Example: (W)(?Vg) = (52) (5%) = 52 =5

eample:  [(VTZ5)'|° = (VZB)* = 1258 = 5

1
3

1 1
Example: Vet - 3¥8=2- (645) = 64c = §/64 = 2

1
Example: (81a®b*)s = 3a%b

When simplifying, fist match the bases when working with more than 1 polynomial
If the bases are the same, eliminate bases and solve for the exponent

Example: 3*+3 =81
3x+3 — 34-
x+3=4
x=4-3
x=1

Example: 10%**1 = 10000
102x+1 — 103
2x+1=3
2x =2
x=1

WWW.RUSTOMPATEL.COM
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e Remember law of exponents

Example:

Example:

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

%za 3
83 =182 =4
(B =r==-2

1 4 1 2
V¥aa® = |45a5 = 25a5

1

1
0.00873 =—5 =3125=5

1253

Math Reference U
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Exponential Equations
Equations in which the variables are exponents. In order to solve, the bases must be the same for all
polynomials.

e Expand the equation to solve
e  Where the bases are the same, the exponents are equal

Formula: xm=x"m=n;a+-1,0,1

23x+4 — 42x—5
(2)3x+4 — (22)2x—5
23x+4 — 24x—10
3x+4=4x—-10
x =14

Example:

9—2x+1 — 273x—2
(32)—2x+1 — (33)3x—2
3-4x+2 — 39x—6
—4x+2=9x—-6

_ 8

13

Example:

X

e Remember to follow law of exponents

Example: 2047 =1
(2(4x+2)) 1
2 2
P
2
22)* +2=271
2x+4=-1
5
x==3
Example: 3x*-2x = 3x-2

x?—2x=x-2

x> —2x—x—-2=0
x> —3x+2=0
x=-2)x—1)=0
cx=2,x=1

WWW.RUSTOMPATEL.COM 28
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e Common factor when necessary

Example: 29%5 424 = 1056
(2M(2%) + 24 = 1056
2%(2 +2%) = 1056
29(66) = 1056
2%(66) 1056

66 66
229 =16
a=8
Example: 393 — 39%2 = 1458

(39)(3%) — (39)(3%) = 1458
39(33 — 32) = 1458
39(18) 1458

18 18
39 =81
39 = 34
g=4
Example: 2%+3 + 2% =288

(2%)(23) + (2%) = 288
2%(1+2%) =288
2%(9) _ 288

9 9
2% =32
2% =25
x=5

WWW.RUSTOMPATEL.COM
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Rational Expressions
Expressions that include variables within polynomials and are rational (fraction).

e Restrictions are numbers that the variable cannot equal
e Arestriction is made so that an answer will not equal 0

Math Reference U

e Look for the restriction in the factoring step of the expression and the denominator

e Solve and state the restriction

Example:

Example:

Example:

Example:

24a3b?
8ab
3a2b

~ab=+0

a’+4a
a?-4a
a(a+ 3)
ala—4)
a+3
a—4
~a+0,4

x2—4
5x+10
(x—2)(x+2)
5(x +2)
x—2
5
X FE -2

1-4y?

8y2-2

1-2y)(1+2y)
2(4y2 — 1)

1-2y)(1+2y)

2y -2y +1)

-(1-2y)

20-1)
1 1

Ny FE =, ——
Yr3 T3
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Watch for difference of squares and trinomial factoring

x2-8x+15

x2-25
(x—=5)(x—3)
(x—5)(x+5)
(x —3)

x+5

~x#5 -5

Example:

6x%2-13x+6
8x2-6x—9
_ (Bx—2)(2x-3)
T (2x —3)(4x +3)
_ 3x—2

T 4x+3

w3 3
S X 2’ 4

Example:

2m?-mn-n?
4m2—-4mn—3n2

_ (m-nm)(2m+n)
T (2m-3n)(2m+n)
_(m-n)

" 2m-3n
3n n

27 2

Example:

sSm F

Always watch for common factors

8y%—10xy
4y
2y(4y — 5x)
4y
4y — 5x
2y
~y#0

Example:

WWW.RUSTOMPATEL.COM
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Multiplying and dividing rational expressions

e Common factor, cross multiply, reduce, and then multiply

8m3 6n
Example: an? Xz
8m y 2
n 5
16m
5n
smmn#*0
E le: 15ab? . 8abc
xample: T
15ab®> -3
X
4c 8abc
15b 3
—_— X —_——
4c 8c
45b
32c2
~ ab,c #0
2_ _
Example: x4, A8
x+3  3x+9
(x+2)(x—2) o 3(x+3)
x+3 4(x —2)
3(x+2)
4
sx #F =32
. x%—xy—20y? x%2—xy—6y?
Example: x2-8xy+15y2 = x2+42xy-8y?2
x% + 4xy — 5xy — 20y? y x% —2xy + 3xy — 6y?
x? —3xy —5xy — 15y?  x2 — 2xy + 4xy — 8y?
x(x +4y) — 5y(x + 4y) » x(x —2y) + 3y(x — 2y)
x(x —3y) = 5y(x —3y)  x(x—2y) +4y(x —2y)
(x = 5y)(x + 4y) y (x + 3y)(x — 2y)
(x =5y)(x=3y)  (x+4y)(x —2y)
x — 5y o x—2y
x—5y x-—2y
1 1
— x —
1 1
1
~x #5y,3y,—4y,2y,0
WWW.RUSTOMPATEL.COM
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Adding and subtracting rational expressions

Math Reference U

e Find the lowest common denominator, then add or subtract, and common factor if possible

4x 6X
Example: — 4+ —
P x+1 + x+1

4x + 6x

x+1
10x

x+1

3a-b a—2b 4a-3b
Example: — — ,
9 3 6

6a — 2b — (6a — 12b) — (12a — 9b)

18
—12a + 19b

18
2y+3 5+2y
3—-4y 4y-3
2y+3—-(5+2y)
3—4y
2y+3—-5-2y

Example:

e Always common factor and then find the lowest common denominator

+-% LCD = 10m2n3

+1,LCD = 6(x — 2)

E le: -3 __r
xample: 2m2® m2n3  smn’
15n% — 10 + 8mn?
10m2n3
Example: * 3
2x—4 3x—6
X 3
— + -
22x—2) 3(x—2) 1
3x —6+6(x—2)
6(x—2)
3x —6+ 6x + 2
6(x—2)
9x — 18
6(x —2)
9(x-2) 9 3
6(x—2) 6 2
WWW.RUSTOMPATEL.COM
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Example:

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

%+%,LCD =(x—2)(x +2)
2x(x +2)+3x(x —2)
(x—2)(x+2)
2x% + 4x + 3x% — 6x
(x—2)(x+2)
5x2% — 2x
(x—2)(x+2)

2x—1 2x+1
2x24+3x+1  3x2+4x+1’

2x—1 2x+1

LCD = 2x + DBx + D(x+ 1)

2+ D+ D) Gr D+ D
Cx—-1D)CBx+1D)+Cx+1)2x+1)

Cx+1DBx+1D(x+1)
6x2—x—1+4x?>+4x+1
Cx+1D)Bx+1(x+1)
10x2 + 3x
x+1D)Bx+D(x+1)

(x+3)(x+2) x-1 6

(x-2)(x-1)  x+3 x+3

x+2 6
x—2 x+3
x + 2 6

(x—2)x+3) (x-2)(x+3)

x> +5x+6—6x+12
(x—2)(x+3)

x?>—x+18

(x=2)(x+3)

3x2-5x-2 . x%—x-2

3x2+13x+4  x24+3x—4
Bx+1D(x-2) ><x2+3x—4
Bx+1D)(x+4) x%2—x-2
BGx+1Dx—-2) (x+4)(x-1)

Gr+Dx+4)  x—2)x+1)
x—1
x+1

1
x*F——,-42,-1,1
X773

Math Reference U
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Entire and mixed radicals

e Entire radicals are radicals that are irrational

o Mixed radicals are radicals that sum to an entire radical

e Simplify radicals by finding terms that sum to the entire radical
e The terms must be perfect squares

Example: V40
V410
2v10

Example: —

WWW.RUSTOMPATEL.COM
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e Keep in mind like terms

Example: V5v10

5v2

Example: 43 - 27
8v21

Example: 277 -3V2 -7
6198
6v49V2
6-7V2
422

25—-v125
10

25 — 5v5
10

5—-+/5
2

Example:

e When you have a negative radical, the answer is indeterminable; however, mathematically
expressed is the imaginary number. This is notated by i
e Ensure that complex numbers are being used

Example: v—80
4iV5
Example: Vv—1

i

Example: (i\/§)2
-3
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Operating Radicals
Simplifying radicals by use of factoring and finding like terms. Also known as complex numbers

e Adding and subtracting radicals can be done through gathering like terms
e Inthis case, like terms are terms that have a common root in the polynomial
o Keep roots the same

Example: 443 + 7420 — 5V12 + 4/5
43+ 7(2V5 - 5(2)V3 + 45
43 + 14V5 — 10V3 + 45
18V5 — 6v3

e When multiplying radicals, use distributive property and multiply the roots separately

Example: 7\/§(3\/§ + 4\/5)
21V15 + 2810

e Always simplify when you can

Example: —2\/§(\/1_ - \/E)
—2v33 + 218
—2v/33 +2(3)V2
—2V33 + 6V2

Example: (\/§ - 2\/5)(\/? + 2\/5)

V9 — 4/4
3-8
-5
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e You will have to rationalize the denominator in fractions because it is improper to have an
irrational denominator
e Rationalizing means making a value rational

e To do so, multiply the irrational denominator to a fraction where both the numerator and
denominator are equal. This is also known as conjugating

Formula: avb + cVd and avb — cVd
a,b,c,d
are always rational numbers.The product of conjugating is always rational

o Multiply accordingly and eliminate roots using conjugates

Example:

il S

Example:

fle iG]~ 6l

4 2
3V2 V2
42
3(2)
42

6
2V2
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e  When given 2 polynomials in the denominator, being irrational, invert the operator given and

solve

Example:

-4
6v2+2V5
—4 6v2 — 24/5
6vV2 + 245 6v2 — 245
—24+/2 + 85
35(2) — 4(5)
—24+2 + 85
72 — 20
—24+/2 + 85
52
4(—6v2 + 2V5)
4(13)
—6v2 + 2v5
13

e Solve for the variable by putting in standard form

Example:

x=3++2
x—3=+V2
(x—3)2=2

(x—3)2-2=0
x> —6x+9—-2=0
x> —6x+7=0

e When working with roots larger than 2, always simplify the root by finding perfect roots

Example:

Example:

WWW.RUSTOMPATEL.COM

V16

V832

232
V16 + V54
V8V2 + V2732
2¥2 + 332
532
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Statistics
Mean, Median and Mode, otherwise known as average, middle number and common value

Term Definition and formula Example
Mean Mean = sum of values/number of values 24+4+6=12 -3 =4
(average)

Middle number (“? order), if betwe‘en 2 147,148,149,150 = 148.5

numbers, then adjust value accordingly

Mode Number that appears most often 4,5,55,6,6,7=5

The difference betweel? the grea'test and 33,37.33.31,41 = 10
smallest number in the series

Median

Range

e An outlier is a measurement that differs significantly from the rest of the data

Example: 1,2,4,8,16,32,(33),128,256 ...

WWW.RUSTOMPATEL.COM
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Prime Numbers
Numbers that can only be divisible by 1 and themselves

e A prime number is a whole number with only 2 factors: itself and 1
Examples: 2,3,5,7,11, 13, 17...
Example: 3=3x%x1

e Afactor is a number or array of numbers that are between the highest and lowest number

Prime Numbers Chart (1-100)

Grey: Prime Number
1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60
61 62 63 64 65 66 67 68 69 70
71 72 73 74 75 76 77 78 79 80
81 82 83 84 85 86 87 88 89 90
91 92 93 94 95 96 97 98 99 100
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Prime factoring

e When you are trying to find the lowest common multiple (LCM), you use prime factoring. By

Math Reference U

breaking down a number into the smallest prime digits

Example:

28=2 X14=2 X2 x7

e Factor trees are how a number can be broken down into prime factors

Example:

Example:

Composite numbers

e A composite number is a whole number with more than 2 factors; opposite rules of prime

numbers
Examples:

Example:

The number 1

4,6,8,9,10,12,14 ...

512
2 X 256
2X2x128
2X2X2X64
2X2X2X%X2X%X32
2X2X2X2%X2%x16
2X2X2X2X2X2X%X8
2X2X2X2X2X2X2X4
2X2X2X2X2X2X2X2X2
=29

36
12 x 3
4x3x%x3

2X2%X3X%X3
=22x3?

e The number 1 is neither a prime or composite number
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Rational Numbers

the divisor is not 0

A real number is also referred to as a rational number

3 3
Examples: —=;0.25; —1=; -3

5 4
There are many equivalent rational numbers

1

Example: —15 = —-—>-=—=—= -15
Order of rational numbers (greatest to least or vice versa)

Example: —3,—2.55, —1%, 0.5,%, 2.5

WWW.RUSTOMPATEL.COM
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A rational number is a number that can be written as a quotient (division question) of 2 integers, where
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Order of Operation
The easiest way to remember the order of operations is through using an acronym

BEDMAS: Brackets O
Exponents 2
Division and Multiplication + X
Addition and Subtraction + —

e Ina question, we solve using BEDMAS; left to right

2
—-3(4x2%)"+5-(-2) _ —-3(4°x2*)+7 _ —3(16X16)+7 _ —3(256)+7 _ —768+7
23 - 8 N 8 N 8 8

~% - _96
8

Example:

WWW.RUSTOMPATEL.COM
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Counter Example
A counter example is when a question believes that the information is true by displaying it through an
example where the condition is true. A counter example is an example that disproves the belief of the
guestion and shows clearly a false condition

e A conjecture is a general conclusion derived from apparent facts. A conjecture may not be true
e Aninference is a conclusion based on reasoning and data
e A counter example can disprove a conjecture or hypothesis

WWW.RUSTOMPATEL.COM
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System International (S.1.)

The system international is how we measure things metrically

Quantity
Length
Mass
Volume
Time

Base Unit
Meter
Gram

Litre/Cubic Meter
Second

Math Reference U

Symbol

|/m?

e Units can be divided or multiplied into multiples of 10 to give larger or smaller subunits

e Prefixes are used to indicate smaller or larger subunits

Common units used with the International System

Units of Measurement
Metre
Hectare
Tonne
Kilogram
Nautical mile
Knot
Liter
Second
Hertz
Candela
Degree Celsius
Degree Fahrenheit
Kelvin
Pascal
Joule
Newton
Watt
Ampere
Volt
Ohm
Coulomb
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Abbreviation
m
ha

t
kg
M
kn

L

s
Hz
cd
°C

oon<rrsz-F=xJ

Relation
Length
G
Mass
Mass
Distance (navigation)
Speed (navigation)
Volume or capacity
Time
Frequency
Luminous intensity
Temperature
Temperature
Thermodynamic temperature
Pressure/stress
Energy/work
Force
Power/radiant flux
Electric current
Electric potential
Electrical resistance
Electric charge
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Metric system

Kilometre Hectometre Decametre
km hm dam
1000 100 10
103 10?2 10!

English system

Units of Measurement
1linch
1 foot
1yard
1 mile
1 square foot
1 square yard

1 acre

1 square mile
1 ton

1 tablespoon
1cup

1 pint

1 quart

1 gallon

16 ounces

1 pound

Temperature conversion

Celsius to Fahrenheit
°C—>°F:nx1.8; +32
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Metre

10°

Abbreviation
in./”
ft.
yd.
mi.
sq. ft.
sq. yd.

acre

sg. mi.

pt
qt
gal
oz
Ib

Math Reference U

Decimetre Centimetre Millimetre
dm cm mm
1 1
E'O'l W'O'O m,o.om
1071 1072 1073
Relation
12 inches
3 feet
1760 yards
144 sq. inches
9 sq. feet
4840 square yards
43,560ft?

640 acres

2000 pounds

3 teaspoons
16 tablespoons
2 cups

2 pints

4 quarts

1 pound

Fahrenheit to Celsius

OF_)

°C: (n — 32) X 0.555
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Length and area conversion

Initial Unit
Centimetre
Metre
Kilometre
Metre’
Kilometre?

Second Unit
Inch
Foot
Mile
Foot?
Mile?

Weight and volume conversation

Initial Unit
Gram
Kilogram
Tonne
Millilitre
Litre

WWW.RUSTOMPATEL.COM

Second Unit
Ounces
Pound
Ton
Ounces (fluid)
Gallon

(1* > 2™) Multiply
0.3937
3.2808
0.6214

10.76
0.3861

(1% > 2™) Multiply
0.0353
2.2046
1.1023
0.0338
0.2642

(2™ > 1) Multiply
2.54
0.3048
1.609
0.0929
2.59

(2™ > 1) Multiply
28.35
0.4536
0.9072
29.575
3.785

Math Reference U
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Scientific Notation
Scientific notation is a method to express extremely large or small numbers

e Number of digits after the decimal determines the exponent
e Based on powers of 10

Example: 123 000 000 000 = number
1.23 x 10! = scientific notation1.23 = coefficient; 10 = base; 11
= exponent

e The coefficient must be greater than or equal to 1 and less than 10
o The base must always be 10; a common notation for the base is the variable e

Example: 1.23 !

e Decimal place moves between the first and second digit
e When working with small numbers the exponent becomes negative
o Number of digits before the coefficient determines the exponent (negatively)

Example: 0.000 000 795
795 = coefficient7.93 x 1077

e Negative exponent is referred to a fraction

: 7 Al
Example: 107" =17
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Significant Digits
Digits that are significant when placed with multiple 0's. Significant digits are also known as significant
figures, or Sig. Figs.

o All counted quantities are exact
e All measured quantities have some degree of error
e (0's placed before other digits are not significant

Example: 0.00(54) has 2 significant digits
e ('s placed between other digits are always significant
Example: 2.0036 has 5 significant digits
e ('s placed after other digits are significant only if there is a decimal place

Example: 1000.00 has 6 significant digits
1000 has 1 significant digit

e To change the number of a significant digits for a whole number (like 1000), convert it into
scientific notation

Example: 1000 has 1 significant digit, but if changed into scientific notation it becomes
1.000 x 103 which gives this number 4 significant digits

o  When multiplying and dividing significant digits, the result must have the same number of
significant digits as the smallest measurement in the calculation

Example: 234.01 x 2.50 = 585.025 — 3 significant digits - 585

e When adding and subtracting significant digits, the result must have the same number of
significant digits as the measurement with the least number of decimal points

Example: 2.1cm + 3.04cm + 1.02cm = 6.16cm — 2 significant digits -~ 6.2cm
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Rounding

Math Reference U

Rounding numbers is the technique of shortening digit lengths to a easily understandable and realistic

value.

e Place value is the classification of where a digit lies in a number

e Each classification is named after its base value, the beginning is the decimal point

e Digits that appear after the decimal point end with the suffix ‘-s’ and start at one

Example:

1534

1: Thousands
5: Hundreds
3: Tens

4: Ones

e Digits that appear before the decimal point end with the suffix -th’ and start at ten

Example:

35.796

3: Tens

5: Ones

7: Tenth

9: Hundredth
6:Thousandth

e Rounding numbers is based on greatening the value of the higher digit place value

e Numbers between 0 and 4 are rounded down. Numbers between 5 and 9 are rounded up.

When rounded up or down, the place value next to it increases, remains neutral, or decreases

Example:

Example:
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Number = 2564; Round to the nearest hundreds

** 6 (atens place value) is > 5 then
Number = 2600

Number = 0.872; Round to the nearest hundredth

~+ 2 (a thousandth place value) is < 5 then
Number = 0.870
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Algebra

Polynomials
A polynomial is a combination of constants and variables that are bound by multiplication and division.
There are 4 classifications of polynomials. They are a monomial, binomial, trinomial and polynomial.
Each indicates whether there is 1, 2, 3 or more than 3 terms.

Type Number of Terms Examples
Monomial 1 5y,3a, 2x,50,x,xy, xyz
Binomial 2 5y + 3a,2x + 10,50x + 3a,x + y,p* + p
Trinomial 3 P2+ pi+ p 23+ 22+ 2,2y +4k—7z
Polynomial 3+ a’b+5—4ab + 2

e A Monomial is a number, a product of one or more variables, or the product of a number and or
more variables. The coefficient is the number part of a monomial

Example: bx; b = coefficient, x = variable, bx = monomial

e A polynomial is formed by adding or subtracting monomials. Each monomial is a term of the
polynomial. Some polynomials have special names

e Monomial: 6x, —3x2,4x3y3

e Binomial: 3x + y, 2x + 7,6x% — 2xy

e Trinomial: x? + xy + v, 6x% — 3b%c? + 2abcd

e Polynomials with more than 3 terms are called polynomials.

e Polynomials can also be classified by the degree of the variable

e The Degree is the highest number of the sum of the exponents

Example: Polynomial Term Name Degree
—6x 1 Monomial 1
2 1 Monomial 0
6x —7y 2 Binomial 1
5x3 +x2—7x+2 4 Polynomial 3
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How each are classified are through the number of terms used
A term is classified by constants and variables that are not bound by addition or subtraction

operators

Example: 2a = 1 terms = monomial

Example: 2a + 3a = 2 terms = binomial

Example: 2a —a+4b = 3terms = trinomial

Example: 2a— a®+5/4 — ab = 4terms = polynomial

A variable is a letter that represents a value

Examples: ab,cdef,ghijkl,mmnonpqr,stuv,wxy,z

A coefficient is a number that is multiplied by a variable

Examples: 3x -3, x -1

A constant is a term that doesn’t include any variables (a number by itself)
Example: 3x+50 - 50

A degree of a term means the sum of the exponents on the variables in a term
Examples: x? > 2,3y* 54,(-2)a’h > 4,(-3)->0

A degree of a polynomial means the degree of the highest term

Example: x—2 -1

Example: 3w?2—2w+5 -2
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When graphing with variables, there are 2 types of variables. Independent variables and dependant

variables

¢ Independent variables are variables that are not affected by other variables (x axis)

e Dependant variables are variables that can be affected by other variables ( y axis)

o A dependant variable is a variable affected by another variable. On a graph, the dependant
variable is labelled on the y axis

e Anindependent variable is a variable that affects other variables. On a graph, the independent
variable is labelled on the x axis
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Collecting Like Terms
Like terms is a way of simplifying a question by taking terms with similar variables

e In order to collect like terms, the terms that are being collected must have the same
variable/letter and the same exponent

e Add or subtract terms from each other

e Rewrite in greatest to least term and in alphabetical order

Example: 3x +5x =8x
Example: 2x+3 +3x+6=2x+3x+3+6=5x+9
Example: 2x+7x+3x+4z+54+2z4+3x+1=3x+3x+2x+4z+2z2+7+5+

1=8x+6z+13
Example: 3x+2y+6x—y+3=6x+3x+2y—-y+3=9x+1y+3=9x+y+3

e When there are variables with different exponents, only group same exponent variables
together, not all variables

Example: 5x2—3+4+2x—2x24+x—-6=5x2—-2x2+2x+x—-6—-3=3x%>+ 3x—9
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Add polynomials

e Remove brackets and collect like terms
Example: (k+3)+ Bk—4)=k+3+3k—4=3k+k+3—-4=4k-1

Example: (6x2+ 3x—5)+ (7x>— 3x—10) = 6x2+ 3x -5+ 7x?>—-3x— 10 =
7x?> +6x?>+3x—3x—5—10=13x%2 — 15

Example: pP+3)+(2p+1D)=p+3+(2p+1=p+(—2p)+3+1=(—p)+4

Subtract polynomials

e Add opposite, open brackets then collect like terms

e Switch opposite for every minus sign before a bracket

e  When there is a negative sign outside a bracket, think of it as negative 1 and use distributive
property to get the opposite

Example: Bt+5)—-(-7t+1)=@t+5)+(7t—1)= 3t+5+7t—1=3t+7t+
5—-1=10t+ 4

Example: (2k? — 6k +8) — (5k? — 6k + 8) = (2k? — 6k +8) + (—5k? + 6k —8) =
2k? — 6k + 8 — 5k? + 6k — 8 = 2k? — 5k? — 6k + 6k + 8 — 8 = (—3k?)
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Multiply polynomials

Multiplying monomials
Remove brackets
Multiply coefficients

When multiplying variables, collect like terms of the similar variable and per variable, add an

additional exponent
collect like terms

Example: (9x%)(3x) = 27x3
Example: (—8xy)(6x%y*z) = —48x3y°z

Multiplying Binomials
Similar to multiplying monomials but there is a specific order

Formula: FOIL: First term, outside term, inside term, last term

Example: (x+3)(x—7)
XX x
x X =7
3Xx
3x =7
=x2—-7x+3x-21
=x%—4x—21

Example: 6y —3)2x+7)
=12xy + 42y — 6x — 21
= 12xy — 6x + 42y — 21

Example: 6(3x—4)(x—7)
=6(3x? —21x — 4x + 28)
= 6(3x? — 25x + 28)
= 6(3x2) + 6(—25x) + 6(28)
= 18x% — 150x + 168

Simplify: 8—-3M4x—-3)5x—2)—(Bx+5)(2x+5)
=8—3(20x% —8x — 15x + 6) — (6x2 + 15x + 10x + 25)
=8 —3(20x% — 23x + 6) — (6x2 + 25x + 25)
— 8 — 3(20x2) — 3(—23x) — 3(6) — (6x2 + 25x + 25)
=8—60x%+ 69x — 18 — 6x2 — 25x — 25
= —66x2 + 44x — 35

WWW.RUSTOMPATEL.COM
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Squaring Binomials

e  Multiply the bracket term by how ever many exponents there are

Example:

Example:

Example:

Example:
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(x —2)?
=(x-2)(x-2)
=x?>—-2x—2x+4
=x?—4x+4

(x — 2y)?

= (x —2y)(x = 2y)

= x? — 2xy — 2xy + 4y?
= x2 — 4xy + 4y?

(6x — 4y)?

= (6x — 4y)(6x — 4y)

= 36x% — 24xy — 24xy + 16y?
= 36x2% — 48xy + 16y?

(3x + 2y)?

= (3x+2y)(3x + 2y)

= 9x? + 6xy + 6xy + 4y?
= 9x?2 + 12xy + 4y?

Math Reference U
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e The product of sum difference can be solved 2 ways

e Simplify

Example:

Example:

(x=y)x+y)
=x%+xy—xy—y*
—x2_y2

Bx + 4y)(3x — 4y)

=9x2 —12xy + 12xy — 16
=9x2 — 16y?

e Watch for the operators

Formula:
Formula:
Formula:
e Simplify

Example:

Example:

(a+b)(a—b) =a?—b?
(a + b)? = a? + 2ab + b?

(a — b)? = a? — 2ab + b?

(5x + 2y)(5x — 2y)

= (52)* — (2y)*
= 25x2 — 4y?

16y? — 25x2
= (4y — 5x)(4y + 5x)

e Look for common factors first

Example:

Example:

Example:
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18x2 — 8y?
=2(9x?% — 4y?)
=23x—2y)(3x + 2y)

4=|><N

x 1y/x 1
G-3)G-3)

32x +3)2—(2x —4)(2x + 4)

= 3(2x + 3)(2x + 3) — (4x2 — 16)
= 3(4x% + 12x +9) — 4x2 + 16
=12x% +36x + 27 — 4x?> + 16
= 8x? + 36x + 43

O |-

Math Reference U
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Perfect square trinomials

e First and last terms are perfect squares

Math Reference U

e Middle term is twice the product of the square roots of the first and last terms

Formula:

Formula:

e Perfect squares can be determined through a second method

Example:

e Simplify

Example:

Example:

Example:

Example:

Example:

Example:

Example:
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a? + 2ab + b? = (a + b)?

a? — 2ab + b? = (a — b)?

4x% +12x+9

= 2(V4V9) = 12
x2+6x+9

= (x +3)?
x%—10x + 25
= (x — 5)?

9x? + 12xy + 4y?
= (3x + 2y)?

x3 —18x% +91x
= x(x? — 18x + 81)
=x(x —9)?

32x2 — 8
8(4x% — 1)
8(2x + 1)(2x — 1)

9x2 —6x+1
(9x — 1)?

x% —36
(x+6)(x—06)
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Example: The area of a square is represented by
A = 9a? — 24a + 16, for a being a positive number. Find a
A= (3a—4)>
A= (Ba—-4)(3a-3)
3a—4>0
3a>4
4
“=3

3a—4

3a—4

e Perfect squares can also be found in other polynomials
e Watch for exponents and perfect squares

Example: x*—81
=x?2+9)(x*-9)
=x?24+9)(x—-3)(x +3)

e The variable may have more than 1 answer

Example: 2x% +7x = -3
2x>+7x+3=0
2x>+x+6x+3=0
x2x+1)+3Q2x+1)=0
(x+3)2x+1)=0

. j— 3 j— 1
“x=-3x=—3
e Simplify

Example: x? —4x = —4
x2—4x+4=0
(x—2)2=0
x—2=0
x =2

Example: x2 +49

Can't be factored
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Divide polynomials

Remove brackets
Divide coefficients

Math Reference U

When dividing variables, collect like terms of the similar variable and per variable, subtract an

additional exponent
collect like terms

36x3y4z3

= 18x2yllz

Example: 73y
Expand and simplify; 2 methods
Second method involves dividing the 2 simplified terms

Example: —6x(x —3)+5x(x—7)
= —6x% +18x + 5x% — 35x = —x2 — 17
Second Method
_ —6x® +18x

= =—x2—17
5x2% — 35x x x

WWW.RUSTOMPATEL.COM
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Difference of Squares

e Asimple way of common factoring
e Only applies to a difference

Formula: (x? — b) Where b is a perfect square
(x +Vb)(x — Vb)
Example: (x? —25)
(x+5)(x—=5)
WWW.RUSTOMPATEL.COM
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Distributive Property
When you have a constant or variable outside a bracket, you distribute the constant or variable to
every term within the bracket and multiply each term by that variable or constant. Also known as
expanding or simplifying

Formula: alx+y)=ax+ay

Example: 7(x —3) = (7x) + (7(-3))
=7x—21

Example: 6(p+q)+2x(p+q)

=(+q)(6+2x)

e When there is a term with a variable outside and inside the bracket, the variable is raised to the
power of that variable or the sum of the exponents

Example: (7y = 1)(5y) = 5y(7y — 1) = 5y(7y) + 5y(—1) = 35y% — 5y

Example: 8x%2+y+4xy+x
=8x*+x+4xy+y
=x(Bx+1)+y(4x+1)

e Dealing with fractions is no different, it applies as a term
1 1 1
Example: E(ZW -6) = 5 Qw) + 3 (-6)=w-—3

e With variables, remember with like variables multiplied with each other makes it raised to the
power of the sum of the exponents

Example: x(x+4)+ 2x(x + 1) = x(x) + x(4) + 2x(x) + 2x(1) = x? + 4x + 2x% +
3x = 2x% + x%2 + 4x + 2x = 3x% + 6x

WWW.RUSTOMPATEL.COM
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Factoring
Factoring is the opposite of expanding. Factoring is used to confirm what the Greatest Common Factor
(GCF) is. We can easily assume what the GCF is but then we must confirm it. To find the GCF, find a term
or constant or variable or both that fits all the terms

e |n a polynomial with variables and constants, we identify the GCF, and then put the polynomial
inside brackets and the GCF before the brackets. We divide each term in the brackets by the
GCF

Example: 3x +6 GCF = 3,3(x + 2)

e With exponents

Example: 2x + 8x2 GCF = 2x,2x(1 + 4x)
Example: 3x2+2x +xy GCF = x,x(3x + 2 + y)
Example: 5m?t — 10m? — t? — 2t

=5m?(t—2) +t(t—2)
=(t-2)(5m? +1t)

e With variables only
Example: b>u?m — b3um? GCF = b3um, b3um(b?u — m)

e Simply try to find what fits all terms
e Find the area in factored form

A 4

A
A 4

Example: A
A=(x+2+2)(y+2+2)—xy
=x+Hy+4)—xy
=xy+4x+4y+16 —xy
=4x+4y+16
=4(x+y+4)
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Factor by grouping

Some polynomials do not have common factors in all of their terms. These polynomials can
sometimes be factored by grouping terms that do not have a common factor
Group terms that have a common factor

Example: ax + ay + bx + by
=alx+y)+b(x+y)
=x+y)(a+b)

Factoring a trinomial
Formula: x2+bx+c

b and c and constants
To find the grouped factor, you must find 2 integers which will equal the sum of b and the
product of ¢

Example: x?+8x+15
What 2 numbers add to 8 and multiply to 15; (3,5)
3+5=8
3x5=15
~(x+3)(x+5)

WWW.RUSTOMPATEL.COM 66




9\? Math Reference U

e Watch for the constants

Example: x? —x —30;(—6,5)
=(x—-6)(x+5)

e Watch for the exponents

Example: x3 +18x% + 72x; (12,6)
=x(x?+18x + 72)
=x(x+12)(x + 6)

e Remember that the rule applies to the whole term

Example: (x—y)?=5(x—y)+6;(-3,-2)
=(x-y-3)x-y-2)

e When there are multiple variables, find the 2 integers and include the alternate variable term
beside the constants

Example: x% + 14xy — 32y?;(16,-2)
= (x + 16y)(x — 2y)

e In some cases the polynomial will not be able to factor

Example: x? —5x—2
Can’t be factored
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e When x has a constant multiple, it is considered a quadratic equation
e A quadratic equation is a polynomial equation of the second degree

Formula: ax®?+bx+c,a+1

e To find the grouped factor, you must find 2 integers which will equal the sum of b and the
product of a and ¢

Example: 2x% — x — 6;add: —1, multiply: —12; (—4,3)
=2x2—4x+3x—6
=2x(x—2)+3(x—2)
=(x—-2)2x+3)

Check:

(x—2)(2x + 3)
=2x2+3x—4x—6
=2x>—x—6

e Watch for the exponents

Example: 6x% + xy — 2y?;add: 1, multiply: —12; (—3,4)
= 6x2 — 3xy + 4xy — 2y?
=3x(2x —y) +2y(2x —y)
=(2x+2y)2x—y)

e Look for common factors
e Common factors with constants

Example: 4x2 + 4xy — 8y?; add: 4, multiply: —32; (8, —4)
= 4x% — 4xy + 8xy — 8y?
=4x(x—y)+8y(x —y)
= (4x + 8y)(x — y)
=4(x +2y)(x —y)
Common factors
= 4(x? + xy — 2y?); add: 1, multiply: —2; (2, —1)
=4(x+2y)(x —y)

e Common factors with variables

Example: 2m? + 7m? — 30m; add: 7, multiply: —60; (12, —5)
=m(2m+ 7m — 30)
=m@2m? + 12m — 5m — 30)
=m(2m->5)(m+6)
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Rearranging the question will sometimes make it easier to solve and then finding common
factors

Example: 15n% —n — 2;(-6,5)
=15n®>—6n+5n—2
=15n*>+5n—6n—2
=5nB3n+1)-23n+1)
=06Gn-2)Bn+1)

In some cases the polynomial will not be able to factor

Example: 5x2 + 9x + 2; add: 9, multiply: 10
can’t be factored

There are scenarios in which there are multiple numbers which add and multiply to a term

Example: For what value of k can this trinomial be factored?
3x% + kx + 5;add: k, multiply: 15;
(3,5) =8,(—3,-5) = —8,(—15,—-1) = —16,(15,1) = 16
=k € {—16,—8,8,16}
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Solving one step Equations

Adding and subtracting

e Isolate your variable
e Whatever is done to one side must be done to the other side

Example:

Example:

x+3=5
x+3—-3=5-3
x=2

x—3=-=-2
2—34+3=-2+4+3
x=1

Multiplying and dividing

e Isolate your variable
e Whatever is done to one side must be done to the other side

Example:

4x = 20
4x 20
4 4
x=5

e Always keep your variable positive

Example:
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k=11

-1k =11
11

—1k =_—1

k=-11

Math Reference U
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Solving two step Equations
Recall the order of operations (BEDMAS), solve equations in reverse order of BEDMAS; SAMBED

e Isolate your variable or term
e Whatever is done to one side must be done to the other side

Example: [3x]+12 =15
3x+12—-12=15-12
3x =3
3x 3
33
x=1

Example: —2x—6=218
—2x=8+4+6

14
=33
x=-=7
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Solving multi step Equations
Solve

e Isolate your variable

e Whatever is done to one side must be done to the other side
e Get all variable terms and constant terms to separate side

e Use reverse order of order of operations

Example: 7y = 2(y + 15)
7y =2y + 30
7y — 2y =30
5y =30

30
Y=
y=26

e  When trying to check work, simply substitute your answer into the question and solve
separately for both sides. If the results of both sides are equivalent, then your answer is correct

Example: (refer to above example)
7y = 2(y + 15)
7(6) = 2(6 + 15)
42 = 2(21)
42 =42
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Solving Equations with Fractions
e With one fraction, multiply the denominator to each term and/or bracket expression

e Do not distribute the fraction, you want to negate the fraction

o Always have the variable on the left side

Example:

6=2:(8+x)

1
3(6):3[§(S+x)]
18=8+x
18— 8 =x

x =10

e  With multiple fractions, find the lowest common denominator LCD and multiply the LCD to

each term and/or bracket expression

e Once you have done so, divide the denominator in the fraction by the LCD. Eliminate the

fraction and multiply the quotient LCD by the term and/or bracket expression

e Then use distributive property once no fraction remains

Example:

k+2 _ k-4

3 5

15(k+2>_15(k—4>
3 /] 5
5(k+2)=3(k—-4)
5k —3k=-12-10

2k = =22
‘= 22
2
k=-11

e If afraction is a numerator less than 1, then, with the LCD, you divide the LCD with the

denominator and multiply the quotient with the numerator

Example:
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3=4(§)=1(3)=3

4 4
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Rearranging Formulas

Single step

e Isolate the variable you want or term with variable

o Keep the isolated variable on the left side

Example:

Example:

Example:

Multi step

d=[a]+b
d—b=a+b-»b
d+b=a
a=d-b>b

e Isolate the variable you want

e Keep the isolated variable on the left side

e Use reverse order of order of operations

Example:
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y=mlx]+b
y—b=mx
y—b>b
—_— =X
m

y—>b

X =—

Math Reference U
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Word Problems

Let and therefore statements
o Let statements defines a variable

o Therefore statement justifies the answer

Example: A number plus 3 is 8. What is the number?
Let x represent the number

x+3=8
x+3—-3=8-3
x=5

~ x = 5 Or therefore the number is 5
e Be careful of the wording

Example: A number 3 less is 8. What is the number?
Let x represent the number

x—3=8
x—34+3=8+4+3
x =11

~x =11
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e Consecutive numbers are integers that come one after the other without skipping.

Example:

1,2,30or —1,0,10r43,44,45

o Use extended let statements to define the variable along with other numbers by using the

variable in the statement

e Collect like terms

e Use If and Then statements to justify your answer and variables

e End with a therefore statement

Example:
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The sum of 3 consecutive numbers is 33
Let x represent the first number, then x + 1 represent the second number and
x + 2 represent the third number

x+x+1D)+(x+2)=33
x+x+14+x+2=33

3x+3=33
3x+3—-3=33-3
3x_30

3 3

x =10

If x = 10 Then,

x+1=10+1=11
Andx+2=10+2=12
~ The 3 consecutive numbers are 10,11,12
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e Consecutive EVEN or ODD numbers are integers that come evenly or odd in series

Example:

2,4,6 or —3,—1,10r43,45,47

e Same rules apply but in this case, be sure to adjust the statements and variables accordingly

Example:

The sum of 3 consecutive even numbers is 18
Let x represent the first number, then x + 2 represent the second number and
x + 4 represent the third number

x+x+2+x+4=18
3x+6—-6=18—-6

3x 12

3 3

x =4

If x = 4 Then,

x+2=4+2=6
Andx+4=4+4=8
~ The 3 consecutive numbers are 4, 6,8

e  When word problems come in more complex orders, work backwards

Example:

The length of a rectangle is 2 more than twice the width. If the perimeter is
40m, what are the dimensions?
Let w represent the width, then 2w + 2 represent the length

p = 2(lw)
40=2Q2w+2+w)
40 = 23w + 2)

40 = 2(3w) + 2(2)
40=6w+ 4
40—4=6w+6—-6
36 6w

6 6

w==6

If w = 6 Then,

2w+2=2(6)+2=14
~ The dimensions are 6m x 14m
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Example:
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Pablo is 7 years older than Mario. The sum of their ages is 13. What are their

ages?

Let m represent Mario’s age, then m + 7 represent Pablo’s age

m+m+7=13

2m+7 =13
2m+7—-7=13-7
2Zm 6

2 2

m=3

If m = 3 Then,

m+7=34+7=10
-~ Pablo’s age is 10 and Mario’s age is 3

Math Reference U
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Series and Sequences

A sequence is a set of numbers in order
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Sequences can be finite (terminate), or infinite (never ending) separated by commas

Example: 5,6,7,8... (Infinite)
4,7,10,13 (Finite)
2,4,5,8,10 ... (Infinite)

Each number in a sequence is called a term

Each term can be denoted by t,, or f(n) where n is the number position in the sequence

The sequence can be defined by a formula

Example: t, is the first term
t, is the second term
t,, is the nth or general term

When given a formula, you can solve the terms

Example: t,=2n+1
3,57,911

When given a sequence, it is possible to find the formula

Example: 1,8,27,64,125

t, =n3

A series is the sum of a sequence

WWW.RUSTOMPATEL.COM
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Arithmetic sequences and series

e Difference between consecutive terms is a constant

e This is called a arithmetic sequence

e Firstterm ¢, is denoted by a

e Each term after the first is found by adding a constant

e This is called the common difference denoted by d of the preceding term

Formula: t,=a+n—-1)d
Example: {8,12,16}
~a=8,d=4

t,=a+n—-1)d
tio=a+ (19 —1)d

t19 =8 + 18d
t19 =8 + 72
t19 = 80

or

t, =4n+4

tre = 4(19) + 4
t19 = 76 + 4‘
t19 = 80

e Applications for arithmetic sequence

Example: Find interest earned on $300 over 10 years. The 15th year was $325
tip=a+ (10 —1)d
300=a+9d
tis=a+ (15-1)d
325 =a+14d
a=325—-14d
300 =325 —14d +9d
d=5
a=255-5
250
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e The sum of the terms in an arithmetic sequence is an arithmetic series

Formula: Sp = g(a +t,)

e Plugin the values to find the sum of the sequence

Example: Find first 5 terms
{2,5,8,11,14}

5
ss=5Q2+14)
55:4‘0
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Geometric sequences and series

e When you multiply the preceding term by an integer

e The ratio of consecutive terms is called the common ratio

e |n geometric sequences the first term is t; denoted by a

e Each term after the first is found by multiplying the previous term by the common ratio r

Example: {5,—10,20,—40,80}
t, =5(=2)"1
ts = 5(=2)>1
ts = 5(—2)*
ts = 5(16)
te = 80

e General geometric sequence is a, ar, ar?, ar? ...

e qaisthefirst term, r is the common ratio

Formula: thy = ar™ 1, n = natural,r # 0
tz ar
t, a

~ r = ratio of any successive pair of terms

e Finding the number of terms

Example: {3,6,12...384}
t, =ar™?!
384 3(2)n 1

3 3

128 = 2n°1
27 — 2n—1
7=n-1
8=n

e Finding t, given 2 terms

Example: t; = 1875,t; = 46875
46875 ar® e
—_— =
1875 art | T
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Applications for geometric sequence

Example: Half-life of lodine is 8 days. Average dose is 12mg. What is the does after 112

days?
a=12mg

1
r=3

112
n=15~ 5 = 14(+1) ~ty =0
13 15-1

15 =12(3)

tis = 7.3e"*mg
n-1

~ genreal term = ¢, = 12 (E)

The sum of the terms in an geometric sequence is an geometric series

a(r™-1)
r—1

Formula: Sp =
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e Formulas used to calculate a term based on previous terms
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e Geometric and arithmetic sequences are explicit, meaning they do not use previous terms

e  When given 2 terms and the formula, it is possible to find another term

Example:

Solve for t,
tl = _1
tz =1

tn = Ztn_z + 4tn_1

ty = 2ty +4t4—4 — Can't solve because term 3 is not given: 2t; + 4¢3

sty =2tz p + 4ty
ty =2

ty = 2ty p + 4t,_q
t, =2(1) +4(2)

t, = 10

e When given the sequence, find next term

Example:

{1,2,4,7,11, 16}

t, =1

t,=14¢
ty=241ty...
sth=M—1) 4t
ts =4+ t,
te=4+7

ts =11

e When given the sequence, get the formula

Example:
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{4,5,20,100,2000}

t, =4
t, =5

tz = t1(t2)
ty = ty(t3)
ts = t3(ts)

oty = (tn_z)(tn—l)
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Pascal’s Triangle
Pascal’s triangle is an array. Pascal’s triangle is useful for probability calculations.

e Based on the sum of 2 terms immediately above when visually laid out

Example:
1
11
121
1331
14641
15101051
1615201561

e Ift,, represents the term in row n, position r

Formula: tn,r = tn—l,r—l + tn—l,r
to,0
t10t11
b0 t21 822
Example: Given the first 6 terms in row 25 of Pascal’s triangle. Find the first 6 terms in
row 26

{1,25,300,2300,12650,5130}
r =25:1,25,300,2300,12650,5130 ...
~r =26:1,26,325,2600,14950,65780 ...
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Binomial Theorem
Recall that a binomial is a polynomial with 2 terms

e General formula for a binomial
Formula: a+b

e Expanding (a + b)" can be solved through binomial expansion
e Using Pascal’s triangle use n as the row number and multiply the coefficients through the

formula
Example: Leta = 2x
Letb = -1
(2x — 1*
Coefficients = 1,4,6,4,1
~(2x —1)*
=1(2x)*(=1)° + 4(2x)3 (=D + 6(2x)?(-1)?
+4Qx)' (=13 +4(2x)°(-1)*
2x — D* = 16x* + 4(8x3)(—1) + 6(4x3)(1) + 4(2x)(-1) + 1
(2x — 1D* =16x* —32x3 + 24x%2 —8x + 1
WWW.RUSTOMPATEL.COM
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Financial Math
There are many applications and algebraic uses for financial math

e Compound interest is a geometric formula

Formula: A=PA+ D"
A: accumulated amount at end of term
P: principle (amount)

i:interest represented by (%) ,T: interest rate per year, n: compounding periods
n: represented by Ny, y: number of years

e Substitute variable terms

Example: For $1000 at an interst of 7% per year for 10 years, compounded semi-annually
(twice a year)

. T%

Sl= 7

i =35%or0.035

~n=2(10)

n=20

~A=1000(1+ 0.035)2°

A = 1989.79

e Rearrange the formula to solve for different situations

Example: Find the doubling time, compounded semi- annually 8 years
~ P =1000
~A=2000
Sl=

- 2000 = 1000(1 + i)'6
716
2000 = 1000 (1 n Z)

2= (1 +%)16

r =0.088 - 8.8%

N =
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e Present value used to find the amount needed to achieve a certain amount later

Formula: P=A0+i)™
Example: Want $1000000 at the age of 35, presently 18, (18 years difference), an
interest of 8%, compounded quarterly (four times a year)
~0.08 0.02
ni=——-0.
Ty

~n=18(4) - 72
P = 1000000(1.02)~7?
P = 240318.74

e Ordinary annuity is compounding interest with consecutive inputs of value

Formula: A= w
Example: a = 1500
n=>5
i=12%
1500(1.125 — 1)
- 0.12
A =9529.27

e Present value or ordinary annuity reconstructs the ordinary annuity formula

_ R[1-(1+D)™"]

Formula: P .
Example: R =10000
Twice a year for 5 years compounded semi-annually
i=15%
(10000(1 — 1.075719))
P= 0.075
P = 68640.81
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Graphing
Direct and Partial Variation

Direct Variation

e Adirect variation is a relationship between 2 variables in which one variable is a constant
multiple of the other

Examples: y:5x,y:x,y:kx,%y:x,y:2x
e The constant of variation is the number before the variable

Example: y = 3x, 3 is the constant of variation

Example: This graph shows an example of direct variation y = 4x
e Indirect variation, the line will always go through the origin (x,y) = (0, 0)

Partial Variation

e A partial variation is a relationship between 2 variables there is a constant multiple and a
constant number

Examples: y=3x+5y=mx+b

e The constant of variation is the number before the variable and the constant number is the
number after the variable

Example: y = 3x + 5, 3 is the constant of variation and 5 is the constant number

Example: This graph shows an example of direct variation y = 2x + 4

e Partial variation never goes through the origin
e In both direct and parital varaition, the line must always be stright
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Plotting
When graphing, you have 2 axis. You have an x axis and an y axis. The x axis is always the horizontal
line and the y axis is the vertical line. These lines both interest at the origin (x,y) = (0,0)

e A point identifies a position and can be represented by numbers (coordinates) or a variable

e Coordinates are points on a graph which can range to any integer

e An ordered pair is also a set of coordinates

e When given a coordinate, the first number is the x -coordinate and the second number is the y -

coordinate
Formula: x,y)
Example: (2,5)

e Coordinates can be negative as well

Example: (=54
Example: (-2,-4)
Example: (0,-3)
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Quadrants
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e There are 4 quadrants when graphing. The quadrants are labelled in counter clockwise order
starting at the top right quadrant. Quadrants are also known as the cast

2

1

3

4

o  When asked of what quadrant a point is in, refer to the diagram above or to its positive or

negative attribute

Given:

Qudrant 1:
Qudrant 2:
Qudrant 3:

Qudrant 4:

e If a point lands on an axis (line) or origin, it has no quadrant
e Ensure that you label the axis and points
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Slope
Slope is simply put is the rate of change; the slope is expressed as a fraction. The variable term of slope
ism
3
Example: m=

e Aplaneis a surface that goes on forever
e The Cartesian plane is a grid (graph) that has x and y coordinates
o The simplest way to find slope when given 2 points on a graph is to measure rise over run

rise
Formula: m=—
run

5 1
Example: m=—=-
10 2

e Slope can be referred to the flowing terms: slope, angle, steepness, grade, incline or rate of
change
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Slopes of line segments

y y y Yy

X X X X
Rises to the Falls to the Horizontal line Vertical Line
right right y=»b m = undefined
m = positive m = negative m=0

e Although the above examples show line segments, these segments are actually lines. The
notation for this should be that the lines end with arrows indicating that it goes on forever

Y

Example:

e Rise is the vertical distance between 2 pointes (up and down); change in y or Ay
e Runis the horizontal distance between 2 points (across); change in x or Ax

Example:

e Afractional slope is NEVER expressed in any units

3m

5m rise
Example: m=—=
run 5

| w

WWW.RUSTOMPATEL.COM 93




Math Reference U

On a grid, you can physically count the rise and run

On a grid it is critical that you ensure you start your slope from the point furthest to the left,
then calculate the run, NEVER the other way around

The run should never be negative

You can only get a negative slope by encountering a negative rise. This may only happen if the
point furthest to the left is also higher than the alternative point; this is also a slope that is
falling to the right or a downward trend, all positive slopes are upward trends

2m

6m -2 1
Example: m=—= —-

Example:

In some cases, you will be given a slope and a point, to find the other point, simply break down
the slope into rise and run and add the rise to the y -coordinate and run to the x —coordinate

Example: Point A(2,1), m = 2
B=A(2,1)+ m
1 5
B=37%3
4
P75
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Slope Formula
When given 2 points, you can find the slope by both plotting the points and reading the graph, or use
slope formula

e Slope formula is calculated by taking the coordinates of 2 points and subtracting their y and x

values
. . Y2=V1 Ay . .
Formula in professional: m="—"or— (change in y values over change in x values)
2741
Formula in linear: m=(y2-y1)/(x2—-x_1)orAy/Ax

e From 2 points, you take a y —coordinate and subtract it with the alternative y —coordinate and
divide it by the difference between the x —coordinates. It is irrelevant of which x or y —
coordinate is subtracted as long as you remain consistent

Example: A(2,5) B(11,25)m = 22221
Xo—Xq
_25-5
m=11-2
20
m=

e Ensure that when you are dealing with negative coordinates, treat it as a negative integer and
bracket the coordinate

Example: S(—4,—-6) T(5,—3)
Y2—WN
m =
X2 —Xq
_ —3-(=6)
Ty
_ -3+6
MmM=51a
_ 3 _ 1
Mm=973
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Rate of Change

Rate of change requires units. Units are given from the x or y labels
Rate of change is similar to calculating slope
Unit should be expressed as y over x

Example: km/h

. A
To calculate the rate of change, simply calculate the A—z
Example: change in distance over change in time
1
4

5
Example: — =
20

Always express rate of change as a decimal

Example: 0.25km/h

Math Reference U

The rate of change is a change in one quantity relative to the change in another quantity

If the rate of change is positive, the slope is ascending and if it is negative, the slope is

descending

WWW.RUSTOMPATEL.COM
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Identifying linear and Non-linear relations

There are 3 ways of identifying if a relationship is linear of non-linear

1. Graph If the line is straight, it is a linear relationship
Equation If x is raised to the exponent 1, it is a linear relationship
Table If the first differences are equal, it is a linear relationship
e First differences are calculated by using a table. The x axis is the first column, and should range
to any integer and start from any integer. The y axis is the second column; it is labelled as either
y values or the formula of the line in y intercept form. The third column is the first difference
column
o First difference is also known as finite differences
e How first differences are calculated is by subtracting a y value by the previous y value
e Plugin the x values into the y value
e If ALL the first differences are equal, then the relationship is linear, otherwise, the relationship is
non-linear
Formula:
x values y values First Difference
e The first value in the series can’t have a first difference for it has no previous value
e Sometimes, the y values column will already be set, otherwise, if only the formula is given, then
plug in the x values
Example:
Side length (cm) Volume (cm?) First Difference
1 1 -
2 8 1-8=7
3 27 27 -8=19
4 64 64 — 27 =37
5 125 125 - 64 =61
7 # 19 . This relationship is not linear

It is not necessary to continue the first differences if even 1 of the relations are not equal
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Example:
X 3x+2=9
0 30)0+2=2
1 3(1))+2=5
2 3(2)+2=8
3 33)+2=11
4 3(4)+2=14

Math Reference U

First Difference

W www

** The first differences are constant, this is a linear relationship

The chart below displays the 3 techniques of how to identify linear and non-linear relationships

Graph
Identify Example
Linear Straight Line /
Non-Linear Not a.
straight line
WWW.RUSTOMPATEL.COM

Equation Table
Identify Example Identify Example
h

x tothe x?! Constant 3,3,3
power of 1

x to the Not
power other x3 —1,4,5

constant
than 1
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Collinear
If 3 or more points have an equal slope, then the points are collinear (on the same line) else if even 1
point doesn’t have a similar slope to the other points, then the points are not collinear (not on the
same line)

e When given 3 or more points, find the slope by combining 2 points and using slope formula.
Pair up all points and until there is a difference of slope, do not discontinue, else the points are
collinear

e Ensure that the slope is in lowest form before making any judgements
Example: Given the points A(—1,—1) B(2,1) C(5,3)

mAB — Y2=V1 _1_(_1)_2
Xy—X1 2-(-1) 3

Xp—Xq 5-(-1)

mAC — Y2—Y1 _ 3_(_1)

- 3-1 2
mBC — yZ yl — —
X2—X1 5-2 3

* mAB = mAC = mBC .. A, B, C are collinear

Example: Given the points D(1,2) E(5,6) F(9,9)
mDE = 2220 _ 022 _2_
Xp—X1 5-1 4
mDF: Y2—YV1 :E:Z
Xp—X1 9-1 8

 mDE # mDF they are not collinear
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Graphing Equations
A line can be graphed using a table of values

e Remember that when given a table of values, the plotting does not make a line, but a line
segment. Therefore, do not draw arrows at the end of the line when graphed

Example: y=x
X y (xy)
-2 -2 (-2,-2)
-1 -1 (-1,-1)
0 0 (0,0)
1 1 (1,1)
2 2 (2,2)

These 5 points plotted would go through the origin in an upward trend

e Ensure that you always label the axis and write the equation of the line in slope y-intercept

form
Example: y=-2x+3
X —2x+3=y (x,y)
-2 -2(-2)+3=7 (=2,7)
-1 -2(-1)+3=5 (-1,5)
0 -2(0)+3=3 (0,3)
1 -2(1)+3=1 (1,1
2 -2(2)+3=-1 (2,-1)

Label the lineasy = —2x + 3

e Always be sure that the points satisfy the equatioon
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Equation of a line

The equation y = mx + b is the general form of a line. This term is also referred to as y-intercept form
or slope y-intercept form

y represents the y axis
m represents the slope (formula or rise over run)
b represents y-intercept (y-int) which is where the line intercepts with the y axis

1

Example: y=5x+5
1
m=2
b=5

To graph this, you start at the y-intercept point or b; (0, b)

Use the slope to guide you to the net point by using rise over run (remember if negative, the
slope is going down)

Ensure to label axis’s and the line and remember to put arrows for it is not a line segment

Example: y = —%x +7
When given the slope and y-intercept, you can create a formula

Example: m==;b=-2

3
4’
. _3 2
..y—4x

x-intercept (x-int) is similar to y-intercept except that x-intercept is where the line intercepts
with the x-axis

When only given y = or x =, it is either a vertical line or horizontal line. The integer given is
where the intercept is

Example: y = 3; Horizontal line
Example: x = —5; Vertical line
When something is missing from the equation, it indicates that the value is 0

Example: y = mux; goes through the origin/direct variation for it has no b value

WWW.RUSTOMPATEL.COM
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Standard Form
Standard form has all variables and constants of y = mx + b but is expressed as Ax + By + C = 0.
There are several conditions that must be true for an equation to be in standard form

e A,B,C are all integers

e A, B,C canbe 0 but A and B can’t both be 0 at the same time

e Always write the x-term, then y-term then integer term

e All the terms must be written on the left side

e Always write it in lowest terms

e x can’t be negative when in standard form, simply multiply each term by —1

Example: 3x+2y+1=0

e To convert standard form into slope y-intercept form, isolate the y term

Example: 3x + +1=0
2y=—-3x—1
2y _ 3 1
2 - 2¥72

_ 3 1
y=T2%72
e To convert slope y-intercept form into standard form, move all terms to the right side, in x, y, #

order

Example: y=3x+5
—3x+y=5
-3x+y—-5=0
3x—y+5=0
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Intercepts
In a linear line or line segment, there can only be up to 2 intercepts, one x and y. To find the intercepts
in an equation you must first convert the equation into standard form if not already

Example: y=-2x+4
2x+y=4
2x+y—4=0

e To find the x-intercept, in the standard form equation, make y = 0, then solve

Example: 2x+y—4=0
2x+0—-4=0
2x—4=0
2x =4
2x 4
22
x=2

e To find the y-intercept, in the standard form equation, make x = 0, then solve

Example: 2x+y—4=0
200+y—-4=0
y—4=0
y=4

o To graph this, simply convert each intercept into a coordinate, then plot the coordinates and
link them to form a line segment

Example: x=2; ~A(2,0)
Example: y=4; + B(0,4)

e When given intercepts, and you are asked to find the slope, first convert each intercept into
coordinates

Example: x=2; ~A(2,0); y=4; ~ B(0,4)

e When given 2 coordinates, you can calculate slope using the slope formula

- 4-0 4
Example: m=%2n 20 _* _ 5
X2=X1 0-2 -2
SSm = —2
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Length of a Line Segment
On a grid, finding the length of a line segment is similar to the equation of a line.

e To solve, simply plug in the coordinates given

‘&
<

Formula: L= \/(xz —x1)% + (¥ —y1)?

Example: Find the distance between A(2,7), B(—9,4)
L =0 —x1)%+ (v, — y1)?
L=+(=9-2)2+(4-7)2
L=+v121+9
L = +/130 units

e When given a vertical or horizontal line and a coordinate, simply take the missing coordinate
from the point and plug it into the line equation

Example: y=3,(—2,-2)
% (=2,3)
x=-=2

L=+(x; = x1)%+ (v — y1)?
L=+(=2+2)2+(3+2)2
L=+25

L=5
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e The midpoint of a line segment is the average of its endpoints

Formula:

Example:

Example:

Example:
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(x1+x2 Y1+3’z)§ i
2 72

Find the midpoint of (2,0), (0,—3)
_ (2 +0 0-— 3)

272

Find the midpoint of (a, 2b), (2a, 3b)
_ (a+2a 2a+3b>
L2 72

_ <3a 5b>
“\1’2

Math Reference U

Let P(6,—8) and Q(6, R). Midpoint of PQ is (t,4). Find t and R

t_6+6
2

ool =
NS

_—8+R

8=—-8+R
R=16
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Parallel and Perpendicular Lines
When given 2 line equations in slope y-intercept form, there are ways to determine whether they are
parallel or perpendicular

e Parallel lines never cross and remain the same distance apart; Symbol: ||
e Parallel lines are marked with arrows pointing in the same direction

—_—
Example: _——

o Parallel lines can be easily identified when in slope y-intercept form for the slopes of the 2 lines
will be equivalent

Example: Which lines are parallel when given the coordinates?

- 5
mAB — Y2—V1 — =2
Xp—X1 3—1 4

- 5
mCD =221 %72 _ 2
Xp—x;  7-3 4

mEF =%~ — —271 _ 3
Xp—Xq 3—(-4) 7

mGH = Y2—V1 — _6_(_3) — _E
Xp—Xq 3—(-4) 7

“mAB =mCD - AB || CD; ~ mEF =mGH - EF || GH
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e Perpendicular lines cross at a 90° angle; Symbol: L
e Perpendicular lines are marked with a square where the intersection is

Example:

e Perpendicular lines can be easily identified when in slope y-intercept form for one of the slopes
of the 2 lines will be a negative reciprocal of the other

Example: Are these lines perpendicular given the slopes?

mAB = —
mCD = 8 = mAB L mCD - AB L CD
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Distance from a point to a line

e The distance from a point to a line is always considered to be perpendicular distance (shortest
distance)

Example:

e To solve, you will be given 2 things, both a point and a lines

e Find the perpendicular slope from the line and make an equation from the coordinates and the
slope

o Next, find the point of intersection and then find the distance from the point and the
intersection

Example: Find the distance from (—3,1)toy = x + 10
y=x+10
ml=-1
y—y1 =m(x—x;)
y=1=—-1(x+3)

y—1=—-x-—3
y=—x-2y=y
—x—2=x+10
2x = —12
x=-—6
y=x+10
y=-6+10
y=4

« the POl = (=6,4)L = \/(x — x1)2 + (¥ — ¥1)?
L=y(=6+3)2+ (4—1)2

L=4(-3)?+(3)?

L=v9+9
L=+18
L = /18 units
Example: Find the distance from (4,6) to the line x = —4

distance = 4 — (—4)
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Example:
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= 8 units
y=28

y =x—4,(00)
ml=-1
y—0=—-1(x—-0)
y==Xxy=Yy
—x=x—-4

x=2

y=2-—4

y=-2

(2,-2)

L=+(2- 02+ (=2 -0)2

L=vV4+4
L=+8

Math Reference U
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Finding Equations
These are several ways to find an equation of a line when given enough information. From the
information given, you plug in items into the equation and solve

e The simplest equation we can use to allow easy substitution is represented through this formula
Formula: y—y; =m(x —xq)

Solve for b when given a slope and point

Example: Alx,y) = A(22)andm =5 = ;
e Plugin the information given into the representative variables and solve for the missing

variable. Use the coordinates of the point as your x and y variables in your equation

Example: Without y — y; = m(x — x;)
y=mx-+b
2=52)+b

2—-2=10+b-2
0-b=10+b—-2-b

-b=10-2
—-b=10-2
b=-10+2
b=-8b=-8
~y=5x—-18

Withy —y; = m(x — x;)
y—y1=m(x —x;)
y—2=5x-2)
y—2=5x—-10
y=5x—8

e Plug in missing value into the final equation

Example: y=5x—8
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Solve for b when given an equation and a point

e Any point given on the line must satisfy the equation for the line

Example: y =—2x+band A(2,1)
to solve b, substitute the point into the equation
y=—-x+b
1=-22)+b
1=—4+b
1+4=—-44+b+5
b=>5
ny=-2x+5

Solve for m when given b and a point
e We require 2 points in order to find slope by using the slope equation

Example: y =mx — 2 and A(5,4)
to solve m, use b as a point (intercept)
A(5,4) and B(0,-2) (y-intercept)

Y2—W1
m:

Xy —Xq
_—2-4
m=0_5
) 6
m="3
y=-—cx
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We given 2 points solve m and then substitute it into y — y; = m(x — x;) to solve

Example: Find the equation of a line through A(—7,2), B(6,—9)
Y2—MW1

_u o
Y=T13Y 13
11 77 26
TR TRET
11 51
Y 13713
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Making Equations
When given 2 points, you can form an equation of a line

e From the 2 points, find the slope through slope equation

Example: A(—1,3)and B(1,—-1)
Y2—MW1
m=
X2 — X1
_ -1-3
"I D
m=--=

e Then substitute in either of the points into y = mx + b to find b

Example: A(-1,3)and B(1,—1) and m = -2
y=mx-+b
3==-2(-1)+b
3=24+5b
b=1
Ly=-2x+1

Math Reference U

e ltisirrelevant of which point you substitute in, be sure to watch where the x and y coordinates

go
Example: A(—3,—2) and B(6,—8)

Y20

B X2 — X1

_ —8—(-2)

- 6—(-3)

_ 6 _ 2
m=-5=-3
y=mx+b

2
-2 = —5(3) +b
—-2=2+D
—2—-2=24+b-2
b=-4
) 2
Ly = —g -4

WWW.RUSTOMPATEL.COM
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Linear Systems

A linear system is a solution for 2 equations/lines where a point or set of points satisfies both
equations/lines. There are 3 types of solutions

e Point of intersection (POI) is the point(s) that satisfies the equations/lines

e 2 parallel lines

e Never cross

e No point that satisfies both equations/lines. Also referred to as coincident lines

Example: no POI

e 2 non-parallel lines
e Cross once/intercept once
e Only 1 point that satisfies both equations/lines

y

Example: POI =(1,-1)
e 2identical lines
e Every point intercepts
e Every point satisfies the equations/lines

Example: 2x+3y=6and4x + 6y =12
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Finding the point of intersection (POI) can be found through graphing equations/lines. The point of
intersection is where the 2 lines cross/intercept. Therefore, this point satisfies both equations/lines
thus giving us the solution to the linear system

e When using the graphing method, it’s best to have both equations/lines in slope y-intercept
form. You can also use x and y-intercepts

Formula: y=y

Example: y:§—5andx+2y=4
x + 2y = 4; x-int = (4,0), y-int = (0,2)

POl = (6,—1)

e To verify that the POl is correct, simply plug in the POl into both equations. If the left side of the
equation is equal to the right side, the POI is correct

Example: y = gx -5

1—26 5
— _5()_

-1=4-5

-1=-1

LS (Left side) = RS (Right side)

x+2y=4

6+2(-1)=4

6—-2=4

4=4

LS (Left side) = RS (Right side)

LS =RS - the point (6, —1) satisfies both equations/lines

= the point is on both lines it is the solution to the linear system

WWW.RUSTOMPATEL.COM
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Finding the point of intersection (POIl) can be found algebraically

e To solve algebraically, the first step is to make each equation equal to each other (remove y)
e Ensure both equations are in slope y-intercept, else convert it into slope y-intercept
e Then solve (isolate x)

Example: y = 30x + 50 and ¢ = 35x + 40
30x + 50 = 35x + 40
30x + 50 — 50 = 35x +40 — 50
30x = 35x — 10
30x — 35x = 35x — 10 — 35x
—5x -10
-5 -5
x=2

e Use the result of this and take as the x coordinate of the POI

e Next, to solve the y coordinate, plug the x coordinate from the POl into either equation

Example: y = 30x + 50
y =30(2) +50
y =60+ 50
y =110

= the Point of intersection or POI = (2,110)
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Finding the point of intersection (POI) can be found through substitution

e First you must convert one of the equations to solve for x(isolate)
e Substitute the result of x into the alternate equation and solve for y

e Plug y into the x statement to solve for x

e x and y can be switched for the above statement

Example:
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S5x+y=11;x—y=-7
x=y-=75(y-7)+y=11
5y—-354+y=11

6y = 11 + 35
6y = 46

46 23 23
Y= T 3473
23 21

=373

2. POI—(Z 23)
S C R

Math Reference U

117



90

Math Reference U

Finding the point of intersection (POI) can be found through elimination

e Simplify the equations, eliminate any fractions and collect like terms

e First you must convert both of the equations to align with similar variables
e Add the 2 equations in aligned order and eliminate similar variables and constantans

e |solate 1 of the variables and then substitute it into one of the equations

Example:

Example:
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4x — 3y = —10;3y + 2x = 32

4x — 3y =-10
2x + 3y =32
6x =12

x=2

4x — 3y =-10
4(2) -3y =-10
8—3y=-10
-3y =-18
y=6

« the POI = (2,6)

6x—5y=-3->6x—5y=-3-%X2->12x—10y = —6
2y—9x=-1->-9x+2y=-1->%Xx5-> —45x + 10y = =5

12x — 10y = —6
—45x 4+ 10y = =5
—33x = -11

1
*=3
12x — 10y = —6

12(1) 10v = —6
1\3 y=

12 oy =—6
3 y=

4—-10y =-6
—10y = —-10
y=1

‘ 1

~ the POI = (51)
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e Elimination and fractions. Remove the fractions by multiplying each term by a common

denominator then simply work through

Example:

A NS R,
%-%:%—»(12%12(;2)+12 ()—>x—3y—18

2x—y=—4-oX1-2x—-y=—4
x—3y=18-5X2 > 2x — 6y = 36

5y =—-40
y=—
2x(—8) =—
2x = —12
xX=6

- the POI = (6,—8)

e Elimination and decimals. Multiply each term by 10 to rid of any decimals

Example:
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0.5x — 1.3y = 1.23
4x — 2y = 0.6

5x —13y =123
40x — 20y =6
200x — 520y = 492
200x — 100y = 30

—420y = 462
y=-11
5x+14.3 =123
5x = -2
x=-04

- the POl = (—0.4,—1.1)
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o If there is no system (parallel lines) then there will be no variable to represent the POI. The
variables should eliminate themselves

Example: 18r + 125 = 30
18r + 125 = 14
undefined = 16
=~ the system is parallel

e If the lines are equivalent and intercept at every segment(coincident lines) then the resolution
to both equations will be equal

Example: 4x —3y=5-%X2-8x—-6y =10
8x — 6y =10
8x —6y =10
8x —6y =10
0=0

= the system is oo equal
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Solving problems using linear systems

Math Reference U

e Through either substitution or elimination, solving word problems can be made simple

Example:

Example:

Distance
X

y
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Calculate the interest earned on $4000 for 2 years at 6.5% simply

I = prtp = 4000,r = 0.065,t = 2 = 4000 x 0.065 x 2

=520
~ the interest earned was 520

Say you drove 470km in 5 hours from Snowball corners to North Bay. For part of
the trip you drove at 90km per hour and part at 100km per hour. How far at

each speeds
d
vV=-—
t
Let x be distance at 100km per hour

Let y be distance at 90km per hour

Speed Time
100 x
100
90 £l
90
| W R
x+y =470 —>x900m+%— 5-x900
9x + 9y = 4230
9x + 10y = 4500
—y =-270
y =270
x =470—-270
x =200

= 200km at 100km/h and 270km at 90km/h
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Example:

With current
Against current

WWW.RUSTOMPATEL.COM
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A small sailboat takes 3 hours to travel 30km with the current and 4 hours to

return against the current. Find the speed of the boat and the current

Let b = speed of boat (no current)
Let ¢ = speed of current (no boat)

d=vt
Distance Velocity
30 b+c
30 b—c

30=(b+c)x3—>30=3b+3c
30=(b—c)x4—>30=4b—4c
12b + 12¢ = 120

12b —12¢ =90
24c = 30

30 5
‘=71

_ 5
30—4b—4(1)
30=4b -5
35=4b
35
T—b

Time

35 5
=~ Speed of boat is Tkm/h and current is ka/h
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Equivalent Equations

e An equation can have an infinite number of equivalent forms

Example: x—3=1
Multiplied by 2: 2x — 6 = 2
Both the equations solve x for 4 even though they are different equations

Equivalent Systems

e Like equivalent equations there are equivalent systems. Based on the same principle, 2 systems
can be alike

Example: System A
x—y=3x+y=7
y=x—-3y=—x+7
x—3=—x+7

2x =10

x=5

y=5-3

y =2

= the POI = (5,2)
System B
x=5y=2

= the POI = (5,2)
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Types of Graphs
Graphs should generally have the following depending on the type of graph

e Chart title
e Axis titles

e Legend/key
e Data labels
e Data table
e Axes

e  Gridlines

There are several types of graphs; each with its own intended purpose to display results

Bar Graphs

e To show how something changes over time and for comparing
¢ Independent variable is on x axis and dependant is on y axis
e Typically used to convey information over a long period of time

Sample
6
5
= 4
33
g , 1 i Series 1
14 | Series 2
0 | e . ,
Category 1 Category 2 Category 3
Divisions
Example:

v'Chart title, axis titles, legend, axes, gridlines
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Line Graphs

e Comparing 2 variables
¢ Independent variable is on x axis and dependant is on y axis
e Show trends therefore predictions can be made (patterns)

Sample
6
5 |
€4 v
33 - — v
g 5 v e “oSeries 1
1 Series 2
0 T T \
Category 1 Category 2 Category 3
Divisons
Example:
v'Chart title, axis titles, legend, axes, gridlines
Pie Graphs

e Show percentages of a whole
e Dividing a circle into different section to represent the percent of that variable
e Finding percentages using degrees

14#i
Formula: w X 360°
total # in sample
Sample
m Category 1
. Category 2
Category 3
Example:

v'Chart title, legend, data labels
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Quadratic Functions
A quadratic function is a polynomial, when graphed with exponents which will result in a non-linear
display

e Expressions of the form y = x?2are called quadratic functions. Quadratic means square. These
expressions are also known as a parabola

Example: ev v ..=25x24+30x+9

2

Example: y=x

e Parabolas are symmetric. They are a reflection of each of them along a line. In the case of
y = x?, the axis of symmetry is the line x = 0 (y — axis)

e Parabolas also have a vertex, or turning points. The vertex of y = x2 is (0,0). The vertex always
intersects the axis of symmetry

Example: x? = Quadratic
e Arelation is a set of ordered pairs
Example: t{(6,7),(8,9),(10,11)}

e A Function is a special relation between ordered pairs in which, for every value of x, there is
only 1 value of y

Example: {(2,3),(4,5),(6,7),(8,9)}
The relation is a function

Example: {(6,2),(6,4),(8,6),(10,8)}
The relation is not a function

Example: {(—4.8),(-2,4),(0,0),(2,4), (4,8)}
The relation is a function
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The set of first elements in a relation is called the domain of the relation. x values are the
domain

Example: {(2,3),(4,5),(6,7),(8,9)}
Domain: {2,4,6,8}

The set of second elements in a relation is called the range of the relation. y values are the
range

Example: {(2,3),(4,5),(6,7),(8,9)}
Range: {3,5,7,9}

A function can be justified as a set of ordered pairs in which, for each element in the domain,
there is exactly one element in the range

Example: t{(6,7),(8,9),(10,11)}
The relation is a function

Example: q{(4,2), (4.,3), (4,4),(6,9)}
The relation is not a function because there are 3y values for x = 4

Example: r{(-1,-1),(-1,-1),(—=2,4),(—1,2),(0,0), (1,2), (2,4)}
The relation is not a function because of (—1,—1) and (—1,2)

The minimum value of the domain and range can be determined by the lowest value within the
series

The maximum value of the domain and range can be determined by the greatest value within
the series. Be aware that these values can be infinite or a set of real numbers

A quadratic function can have a y intercept

Example: y =x2?+2;y-int=2
Table of Values:

x y
-4 18
-2 6
0 2
2 6
4 18

The graph of y = x2 + 2 moved up 2 units in comparison with x = x?2
Vertex (0,2) axis of symmetry x = 0
Max {y = oo}; Min {y = 2}

WWW.RUSTOMPATEL.COM 127




9\? Math Reference U

e The graph of a relation can be analyzed to determine if the relation is a function. Using a
vertical line will determine if there are any corresponding values on the same axis ergo
determining whether the relation is a function or not. If the vertical line cuts the graph more
than once, it is not a function

e The standard equation of a quadratic function

Formula: y = ax?

a = vertical stretch or shrink

Formula: y=x?+k
k = vertical translation

Formula: y=ax’+k
a = vertical stretch or shrink
k = vertical translation

e The larger a is, the narrower the parabola will be
e Identify all aspects of the following

Example: y = 4x?
Vertex: (0,0)
Axis of symmetry: x = 0(y — axis)
Max:y = oo
Min: 0
Domain: x € R
Range:y >0,y €ER
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e Expanded quadratic function

Formula: y=a(x—h)?+k
a = Vertical stretch/shrink; if a < 0, opens downward on a reflection in x-axis
(x — h) = Horizontal translation
k = Vertical translation

e Toconvert y =x% -y =a(x —h)?+ k, use the following table

Operation Resulting Equation Transforming
Reflects in the x-axis, ifa < 0

Multiply by a y = ax? Stretches vertically (narrows), ifa > 1ora< —1
Shrinks vertically (widens), if —1 < a < 1
Shifts h units to the right, if h > 0
— — _ 2 7]
Replace x by (x — h) y=alc—h) Shifts h units to the left, if k > 0
Shifts k units upward, if k > 0
— _ 2 ’
kil y=alx-h*+k Shifts k units downward, if k < 0
Property Sign of a positive Sign of a negative
Vertex (h, k) (h, k)
Axis of Symmetry x=h x=h
Direction of Opening Up Down
2

Comparison with y = ax Congruent Congruent
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Comparey = 3x%,y =3(x —2)%,y=3(x—-2)?+4

y = 3x?
V:(0,0)
D:xeR
R:y=0
Max: co
Min: 0
Up

y=3(x—2)?
V: (2,0)
D:x€eR

Riy >0

Max: oo

Min: 0

Up

y=3x—-2)*+4
V:(2,4)

D:x €R

Riy=4

Max: oo

Min: 4

Up
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Comparey = —2x2%,y = —=2(x +3)%,y = —2(x +3)? +3

y = —2x?
V:(0,0)
D:xeR
R:y<0
Max: 0
Min: —oo
Down

y =—-2(x+ 3)?
V: (=3,0)

D:x €R

Riy <0

Max: 0

Min: —oo

Down

y=-2(x+3)*+3
V: (=3,0)

D:x eR

Riy<3

Max: 0

Min: —oo

Down
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Graphing y = ax? + bx + ¢ by completing the (perfect) square

Formula: y=ax?+bx+c

To solve, get the value of half of b
Square the value

Make 2 instances of the value, one negative and one positive and place them within the formula

following b
Factor equation

Example: y=x2+8x+7
y=x*+8x+4*—-42+7
y=x*+8x+16—16+7
y=(x+4)?-9

The end result shouldbe y = a(x — h)? + k
If kK > 0, k is the maximum of the function
If Kk < 0,k is the minimum of the function
Axis of symmetry is —h

h, k is the vertex point
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Math Reference U

132



90

e Be aware that any equation can be factored by going into fractions

Example:

Example:

y=x%+9x+2
2

Nn% /9
y=x2+9x+<—) —(—) +2

2 2
81 81
=x2+9%x+———+2
y X X 4 4
~(e+3) -2z
y=\*"3) 7%
_( +9>2 81 8
Y=\*"3) T4y
_( +9>2 73
y=\*"3) 7%
y:——x2+§x+9
= 1(2 ° >+9
y=-zx"—gx

-2 (S) () )+
Y="72\* 75*"\10 10

1/, 6 36 36
y:‘z(x ‘5“@‘?00)*
1 6\> 36
y==3(*~1) +350+°

1 3\2
y=-3(x-3) +5+°

1 3\¢ 359
F‘E(’“‘g) 50
_ (3 459
V‘(E’T)

e Common factors first

Example:

y=2x?+4x+3
y=2(x*+2x)+3
y=2(x%+2x+12-12)3
y=2((x+1?*-1)+3
y=2(x+1)2?-2+3
y=2(x+1%*+1

e Rearrange to solve

Example:
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y = 10x — 5x2

y = —5x2% + 10x

y = =5(x? — 2x)
y=-5(x?—-2x+1%2—-1?)

Math Reference U
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e Problem solving

Example:
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y=-5(x—-1)%+5

Math Reference U

You have 600m of fence. You enclose a rectangular area. What dimensions

yield the max area? What is the max area

A=lw
600 = 2x + 2y
600 — 2x = 2y
600 — 2x

— 5 =Y
y=300—x
~A=lw

A =x(300—x)
A =300x — x?

A= —x?%+300x
A=—(x?-300x)

A= —(x?—-300x + 1502 — 150?)
A= —(x—150)% + 1507
A= —(x—150)% + 22500
V = (150,22500)

~x =150

y =300 — 150

y = 150

150 x 150

A = 22500m?
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Solving Quadratic Equations

e Solving an equation means finding values(s) for x

Math Reference U

e Solve the bracketed terms to find both intercepts points of the parabola

Example: y = 2x% — x — 3; Adds: —1, Multiplies: —6

y=2x?+2x—3x—3
y=2x(x+1)—-3(x+1)
y=02x—-3)(x+1)
2x—3=0
2x =13

3

xzz

x+1=0
x=-1

e Get the whole equation on one side to create a quadratic function and solve for x

e Solve for the square of the function to find it’s vertex

e Find it’s y-int by substituting O for x

Example: x?—3x=-2
x2—=3x+2=0
x—1Dx—-2)=0

x—1=0

x=1

x—2=0

x=2
y=x%—-3x+2

— .2

y = _3X+Z_Z+2

_ 3 1
v=(3-3)
y-int = 02 — 3(0) + 2
y-int =2 = (0,2)

WWW.RUSTOMPATEL.COM
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e Common factors first

Example:

Example:
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4x% +3x =0
x(4x+3)=0
x=0
4x+3=0

3
=7y

4x2 +3x =0
4( 2+3 ) 0
x =-X|=
4

x?—-3x=18
x2—-3x-18=0
(x—6)(x+3)
x—6=0

x=6
x+3=0
x=-3
x>—3x—-18=0

2-3 +9 i 18=0
x“—3x+—-———18=
4 4

( 3)2972_0
*T3) a2 T

( 3)2 81_0
*73) T2 T

V—<3 81)
“\2’ 4

3 36)_( 3
8 64/ \ 8’
0

9

16

)

Math Reference U
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e There are only 3 possible outcomes

y

3

Example: v 2 distinct real roots

Example: v No real roots

Example: v 2 equal real roots

e When given the vertex of a parabola, you can find the y-int by substituting the vertex into the
quadratic function in place of x

Example: Vertex = 1
y=1%2-2(1)-38
y=1-2-8
y=-9
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Quadratic Formula

e The formula is used to determine the x variable for certain conventional methods will not
render the correct value

—b+Vb2—4ac

2a

Formula: X =

e When given the standard quadratic function; to proove the formula, you must follow a series of
steps

Example: Given:ax?+bx+c=0

e Complete the square

. 2, b _
Example: a(x +;x)+c—0
+b + )2 (b>2 +c=0 ( +b)2 (b)2+ =0
x* a” 2a 2a c=rNa\* T2 24 €=

a(x+ ) <4b_>+:
(42

Q

=

+

v

|

+

a

I

e |solate x

b\2 b2
Example: a (x + Z) =22 ¢
( N b )2 b®> ¢
X 2a 4a? a
N b B bz ¢
x 2a . |4a®> a
_ b bz ¢
T (22
B b b%?  4ac
= 2a 4a? 4a?
_ b b?% — 4ac
*= 2a V4a?
b b? — 4ac
X=——t——
2a 2a
__ —btVb?—4ac
- 2a

WWW.RUSTOMPATEL.COM
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e Solving x

Example: 8x2+6x—9=0
_—b+t Vb2 — 4ac
= 2a
_ —61+,/62—4(8)(-9)
x= 2(8)
_ —6 1+ 362 — 288
x= 16
_ —6++v324
=TT 16
_ —6+18
x 16
_ —-3+9
XT3
_ -3+4+9
XT3
_ 6
XT3
_ 3
*=q
. -3-9
XT3
2 12
*=7%
_ 3
=73
These are rational roots
Example: x> —3x—-1=0
LTV 4D
2(1)
3++v13
X =
2
3++13
x =
2
3—+v13
x=—

These are irrational roots
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Example: x2=2x+3=0
e S EN GO O6)
B 2(1)
L 2+V4—12
=
2+V/-8
=T

There are no real solutions
e There are several possible outcomes

Example: If b2 — 4ac < 0 (Negative): No real solutions
If b> — 4ac = 0: 2 real equal roots (double root)
If b2 — 4ac = perfect square: 2 real distinct roots (rational)
If b2 — 4ac > 0 (Not a perfect square): 2 real distinct roots (irrational)

e When there is 2 variables, remove the x term and leave any other

Example: x2+2xy—y2=0
(ORI OG D)
2(1)

TRV Hay?
x=—2yi\/g_yz
x=—2y-l_?\/1\/§\/ﬁ
x=—2yi22\/§\/F
x:2(—yi2\/EY)

2
x=—y++2y

WWW.RUSTOMPATEL.COM
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e Determining the minimum and maximum can be done by completing the square of quadratic

functions
e Where there is no coefficient, add and subtract the square of half the coefficient of x
e Group the perfect square trinomial
e Simplify the trinomial as a square binomial

Example: y=x2+12x—7
y=x?+12x+36—-36—7
y=x%?+12x+36)—36—7
y=(x+6)—43
& Min = —43,x = -6

e When given a coefficient next to x, group the containing terms of x
e Factor first to terms only containing x
e Simplify the trinomial as a square binomial

Example: y = 4x? — 24x + 31
y = (4x? — 24x) + 31
y=4(x*—6x+9-9)+31
y = 4[(x —3)? — 9] + 31
y =4(x—3)>—-36+31
y=4(x—-3)>-5
~Min=-5x=3

e Not all functions have perfect square integers, therefore it may involve fractions

Example: y = 5x — 3x?
y = —3x%+5x
y=—3(x2—5x)
3
y=—3(x2—Ex—§+§)
3 36 36
5\ 25
y:‘3[(x‘a) " 36
5\* 25
e
) 25 5
.-MaX—E,x—g

WWW.RUSTOMPATEL.COM
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e Solving quadratic equations through factoring

Example:

x> —6x—27=0
x—9x+3)=0

x=9 -3

o 9+ (-3)
Midpoint = — = 3
V=32-6(3)-27
V =(3,-36)

e Solve by completing the square

Example:
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2x2 —-5x—1=0

5
2<X2—EX)—1=
2( , 5 25 25) o
¥ 72716 16 =

)
Ve
[r—
=
|
~——— ~—— B u
[\S} e—
[\S]
' |
o S|
ol u»
| N———
fee]] |
I =
o I

N
/\/?/\
|
Al Ul AUl AUl

N
N
Il
|(JJ
w

-~
=
|
NS
N———
N
I
»—x|w
N W

5 33
*~3=% |16
5 433
*TiT T
+V33 5
*=T g
x_iﬁ§+5
4

Math Reference U
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e Solve by quadratic formula

Example:

x> +5x+3=0

—5+./52—-4(1)(3)
X =

2(1)
—5++25-12
x= 2
L _T5Vi3

2

e Applications to quadratic functions

Example:

Example:
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A football is punt into the air. Its height, h, in meters, after t seconds y:
h = —5t% + 30t

h = =5(t? — 6t)

h=({t?>+6t+9-9)

h = —5(t —3)? + 45

~ Max = 45m
0 = —5t% — 30t
0=-5t(t—6)
~t=0,t=6

A CD player sells for $6000 Sales average 80 per month. Every $100 increase
there will be 1 less CD player sold.

Let x = every $100 increase

Letr = Revenue

r = (6000 + 100x)(80 — x)

r = 480000 + 200x — 100x?

r = —100x2 + 2000x + 480000

r = —100(x? + 20x) + 480000

r = —100(x? + 20x + 100 — 100) + 480000
r = —100[(x — 10)?) — 100] + 480000
r=—100(x — 10)? + 490000

. Max revenue = $490000
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Example:

A rectangle lawn, 7m X 5m. Uniform boarded of flowers is planted along 2
adjacent sides. If flowers cover 6.25m?, how wide is boarder.
Let x = width of boarder

A = 41.25m?
(5+x)(7+x) =41.25
35+ 12x + x? = 41.25
x> +12x—6.25=0

_ —12+./122 — 4(—6.25)

X =
2
_ —12+ V169
= 2
12413
=T
251
=T

~ Border = 0.5m wide

e Evaluating for function notation

e f(x) means Function of x

e Used to fine when x equals an integer

Example:

Example:

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

y=2x*+3x—4
flx)=2x2+3x—4

f(x) =5x—-2
fB)=5@3) =2
f(3) =13

f(0) =-2

Find x if f(x) = 4x + 3
f(x)=8
8=4x+3

X=Z

Findx if f(x) =4x+3

fx)=0
0=4x+3

X =—

Math Reference U

144



90

Exponential Functions

Math Reference U

e Functions that either have an exponential growth (a > 1) or exponential decay (0 < a < 1)

where c is the initial value, a is the growth or decay factor, and x is the measure of time

Formula:

flx) = c(@)”

e Use a table of values to express and graph the formula

Example:

Example:

Example:

Bactereia doubles each hour and you start with 35 cells, how many in 3 hours?
~ f(x) =35(2)*

f(3) =35(2)°

f(3) =280

Deer population is 80% of what it was each year and you start with 15000, how
many remin in 12 years?

~ f(x) =15000(0.8)*

f(12) = 15000(0.8)12

f(12) =1030

$5200 doubles every 6 years. Find the growth after 15 years
. f(x) =5200(2)*
15
X = ? =25
f(15) = 5200(2)%°
f(15) = 29415.64

e The domain value (x) will be greater than 0

e The range value (y) will be greater than 0 and in certain cases may have an asympototes of 0

Example:
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y = 2500(0.25)*
D:{x >0}
R:{y=0|y # 0}
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Transformations

Horizontal and vertical translations of functions

A Translation is when something is shifted or moved

Can be calculated through 2 additional variables, p and g

Horizontal translations are determined by q. It is located outside the function expression

A vertical translation is determined by p. It is located inside the function expression. Also, the
value is always opposite its display value

If either g and p are not present, then it is only a translation on one axis

Formula: y=f(xxp)tq
Example: y=vx—-1+1
Move right 1, up 1
1
Example: Y=1a" 2

Move left 4, down 2

Asymptotes are dotted lines that appear on a graph in a function suchasy = f G) These lines

indicate that the function never reaches the asymptotes, in this case, 0
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Reflections of functions

e  Whichever axis is being reflected, the formula must apply

e For areflection on the x axis

Formula:

Example:

Example:

—f(x)
fx)=6x—1
—f(x) =—(6x—1)
—flx)=—-6x+1

f(x)=-5x2+3
—f(x) = —(=5x* +3)
—f(x) =5x%2-3

e For areflection on the y axis

Formula:

Example:

Example:

f(=x)
fx)=v—x+3
f(=x) =x(—x) +3
f(x)=Vx+3
f)=(x—4)>

fx)=x?>—-8x+16
f(=x) =x*+8x+ 16
f(=x) = (x + 4)*

Math Reference U

e Aninvariant point Is a point that lies on the axis line and does not shift after a reflection
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The Inverse of a function

e x and y values are swapped

o When both the original and inverse function are graphed, the hypothetical reflection line is
y=x

e To find, swap the variables and then solve for y

Formula: 1)

Example: f(x)=3x+6
y=3x+6
x=3y+6
x—6 3y

3 3
x—6

3
x—6
[ ==
The invariant point is (—3,—3)

y:

Example: flx)=x%-9
y=x2-9
x=y%>-9
x+9=7y?
y=+Vx+9
Dy = {x eR}

Rs = {yeR|y = —9}
Dg-1 = {xeR|x = —9}
Re-1 = {yeR}
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e Not all inverse functions will prove to be a real function, therefore, take the positive end of the
function by restricting the domain

Example:

WWW.RUSTOMPATEL.COM

fO) = (x +5)

y = (x + 5)?
x = (y+5)?
t+Vx=y+5
y=4vx—5

Dy = {x eR|x = -5}
Rf = {yeR|y = 0}
D¢-1 = {xeR|x = 0}
Re-1 = {yeR|y = -5}
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Applications for inverse functions

Math Reference U

e When working with alternative variables, there is no need to swap variables, just solve for the

isolated term

Example:
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$0.35

The cost of renting a car for a day is a flat rate of $60 and o

Letd = # of km
Let ¢ = cost
y = 0.35x + 60

f(x) = 0.35x + 60
c(d) = 0.35d + 60
= 60
~ 035
Ds = {d eR|x = 0}
Rf = {ceR|y = 60}
D¢-1 = {ceR|x = 60}
Rg-1 = {deR|y = 0}

150



90

Math Reference U

Vertical and horizontal stretches of functions

e Recall the effect a in a parabola y = ax

2

e Vertical expansion: Ifa > 1

e Vertical compression:if0 <a <1

o  With vertical stretches, points on the x axis are invariant

e Inpoint (x,y) ony = f(x) becomes (x,ay) ony = af (x)
e Therefore, the domain will remain the same while the range changes based on the multiple

Example:

(Each case involves a set of ordered pairs, watch domain)
1

Cases: y = 2f(x),y = f(x),y =3 f (%)

Df(x) = {XERl —-3<x< 3}

Rf(x) = {yERlO <x< 4}

D2f(x) = {XER|—3 <x< 3}

RZf(x) = {yERlO <x< 8}

D%f(x) = {xeR|-3 < x < 3}
R {yeR|0 < x < 2}

o T

e Recall the effect of k in a parabola y = f(kx)

e Horizontal expansion: If 0 < k < 1

e Horizontal compression: if k > 1

e With horizontal stretches, points on the y axis are invariant
e Inpoint (x,y) ony = f(x) becomes (%,y) ony = f(kx)

e Therefore, the range will remain the same while the domain changes based on the multiple

Example:

WWW.RUSTOMPATEL.COM

(Each case involves a set of ordered pairs, watch domain)

1

Cases:y = f(2x),y = f(x),y = f(gx)
Df(x) = {XE]Rl —2<x< 4}
Rex) = {yeR|0 < x < 4}
Dfeaxy = {xeR|-1 < x < 2}
Rr(ax) = (yeR|0 < x < 4}
D 1 \={xeR|—4 < x < 8}

1(2%)
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When working with a radical function, be aware of the way it is graphed

Example: y =+ 2x is the graphof y = Vx compressed horizontally by a factor of%

y = /%x is the graph of y = Vx expanded horizontally by a factor of 2

When a function stretches both horizontally and vertically, the stretches can be performed in
either order to get the same result

Example: Giveny = f(x), graphy = 3f G x)
The point (x,y) ony = f(x) becomes (%, ay)ony = af (kx)

WWW.RUSTOMPATEL.COM
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Combinations of transformations

e  When performing combinations of transformations, work in this recommended order:
Expansions and compressions, reflections, and translations

e Describe the transformations of the following functions

Formula:

Example:

Example:

Example:

Example:

Example:

Example:
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y=af[(k(x—p)]+q
a = Amplitude, compression, vertical stretch factor/size, negative reflects on

x,(a <0)
k = Reciprocal of horizontal stretch factor/size, negative reflects on y, (k < 0)
. 360°
Period from

p = Negative of the horizontal shift (backwards rule)/location
p > 0 = Right (x - —#°)
p < 0 = Left (x > +#°)
q = Vertical shift/location
q>0="Up
q <0 =Down

Given f(x) = —4(x —2)?+3
Reflect on x axis, translate right 2 and up 3, expand vertically by a factor of 4

Given f(x) = — (i)

x—1
Reflect on x axis, translate right 1, expand vertically by a factor of 2;
asymptotes:x = 1,y =0

Giveng(x) =V2x+8 = /2(x + 4)

Translate left 4, expand vertically by a factor of 2

Given h(x) =\/(—%)x+3 —>\/—%(x—6)

Reflect on y axis, translate right 6, compress vertically by a factor of%

Giveny = f(3x)

. . 1
Horizontal compression by a factor of 3

Giveny = 3f Gx)

Vertical expansion by a factor of 3, horizontal expansion by a factor of 2
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Geometry

Linear Measurements
Certain plus 1

e Measure all digits plus one estimated value
e If the measurement is right on the line the last digit is a zero (0)

1.0 read from ruler

1.0(0) estimated digit
Example:

1.5(0) estimated digit
Ocm 1.5cm

o If the measurement ends between the readings estimate the last digit (1 — 9)

| LY e
| | | 1.5(5) estimated digit
Ocm

1.5cm 1.6cm
Example:
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Lines

Notations

Types

Anchor points or endpoints appear as dots and arrows determine if the line extends in that
direction forever

Aline is a straight path of points that extends forever (o) in both directions

M
Example:

Array is a part of a line that begins at 1 endpoint and extends forever in one direction

a
Example: ‘/

A line segment is a part of a line and has 2 endpoints

./‘b
a
Example:

The line of symmetry is when a shape can be split in half and share identical/mirroring
properties

Example:
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Polygons

A polygon or shape 2 dimensional

e A polygon is a 2-dimensional closed figure made up of line segments

e Avertex is where 2 or more edges/endpoints meet. Encloses area of point and creates an angle

o An edge is more like a line segment but the difference is that for a line segment to become an
edge, the shape has to be enclosed

e Aface can only be formed when a shape enclosed by edges. The insides of the edges is the face

Vertex

Face/base

Example:

e Regular polygons are polygons that have all equal sides and angles

Example:

e Regular polygons are given names for the number of sides they have (refer to chart at the end
of this section)
e A convex polygon is a polygon that has line segments within the polygon

Example: =

e A concave polygon is a polygon that has line segments outside the polygon

Example:
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Types of polygons

Polygons are classified and named by the number of sides it has

Polygons with 3 sides are classified as triangles

Polygons with 4 sides are classified as quadrilaterals

Polygons with more than 4 sides are classified as polygons

Notation

Regular polygon chart

Sides that share equal properties will sometimes be labelled with a accents (lines, arrows, etc.)
sets of these accents are paired with no less than 2

Example:

Name

Henagon
Digon
Triangle
Square
Pentagon
Hexagon
Heptagon
Octagon
Nonagon
Decagon

Hendecagon
Dodecagon

Icosagon

Chiliagon

Myriagon
Googolgon

WWW.RUSTOMPATEL.COM

Sides

OO U D WN -

R e e )
O N R O

1000
10000
10100

Angle (Total)
180(n — 2)

Undefined
0°
180°
360°
540°
720°
900°
1080°
1260°
1440°
1620°
1800°
3240°
179640°
1799640°
1.8 x 10102

Angle(Individual)
180(n — 2)

n

Undefined
0°
60°
90°
108°
120°
128.5°
135°
140°
144°
147.27°
150°
162°
179.64°
179.964°
180°

Math Reference U
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Perimeter
The perimeter of a figure is the distance around it

e The sum of the length of sides on an object produces its perimeter

5cm
2cm 2cm
5cm
Example:

P=l4+w+l+w

P=2l4+2w

P=54+2+5+2

P =14cm

e When given the total perimeter and there is only 1 missing side, sum up the sides given and
subtract it against the total perimeter to find the missing value

13.2cm
10.2cm X
31.4cm
Example:
x=(13.2+102+314)—P
x=548-171
x = 16.2cm
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o If the figure is a regular polygon, than each side is equal therefore 1 measure is only required

3cm
Example:
P=sx%x5
P=3x%x5
P =15cm

e When given an regular polygon and the perimeter and you are asked to find the length of 1
side; simply correspond the name of the polygon to a number and divide the perimeter with the

polygon

Example: Pentagon (5); P = 45cm
s=5+45=9
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Area
The space inside an object

Rectangles

e To calculate the area of a rectangle, simply multiple the length and width

l
Formula:

A=I1lXworlw

e When working with area and units be sure to square the end result by placing it as units squared
( 2) since the formula works on a 2 dimensional basis

3cm

5cm
Example:
A=lw
A=5x%x3
A = 15cm?

e When given the total area and one side; to solve for the missing value simply divide the area to
the side given

A = 15cm? w
5cm
Example:
w=A4-+1
w=15+5
A =3cm
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Squares

e To calculate the area of a square, simply multiple the side given

1
Formula: |
A=s?
|
|
—_ —4— 4cm
1
Example:
A=s?
A =42
A = 16cm?

e When given the total area and you need to solve for the side value, simply divide the total area

by 4
i
A = 16cm?
1
Example: |
s=A+4
s=16+4
s = 4cm
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Parallelogram

To calculate the area of a parallelogram, simply multiply its base and height

: h
b
Formula:
A=DbXhorbh
1
: 4.8cm
5.5cm
Example:
A=bXh
A=55x%x48
A = 26.4cm?

When given the total area and the height or base, to solve for the missing value simply divide
the area by the measure given

1 A = 26.4cm?
'"h
1
5.5cm
Example:
h=A-+b
h=264-+55
h = 4.8cm
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Triangle

e To calculate the area of a triangle, simply multiply its base and height and divide the sum by 2

>

o

Formula:

1 bh
Azszhor—

4.5cm

0>

7.8cm
Example:

__bh
2
_ 7845

2
351

q =
A = 17.55cm?

A

e When given the total area and the height or base, to solve for the missing value simply divide
the area by the measure given and double the quotient

A = 17.55cm?

>

D___ 7.8cm
Example:
h=(A=+b)x2
h=(1755+7.8)x%x2
h=225x%2
h =4.5cm
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Circle
The only polygon without a vertex or vertices and only 1 edge

e Circumference is the distance around a circle

e Diameter is a line segment that joins 2 parts on a circle and passes through the center; double
the radius

e Radius is the distance from the center of the circle to the edge; half of the diameter

e Chord is a line segment that joins any 2 points on the circumference of a circle

e Arcis a section of a circumference of a circle that lies between 2 ends of a chord therefore
there are always 2 arcs on a circle on either side of the chord

e Semicircle is half of a whole circle

e Tangent is where the circle meets an edge and follows through perpendicular

e Pi/mis the amount of times the diameter can fit around the circumference of a circle. When the
diameteris 1, mis 3.141592654 or 3.14

Diagram

Tangent

Semicircle

Diameter

Radius

Ellipse/Oval
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Perimeter of a circle

e The perimeter of a circle is also referred to as the circumference
e The distance across a circle through the center of a circle is called the diameter
e To calculate the circumference of a circle, simply multiply = and the circumference

&

Formula:
P=mXxdormd
Example: U
P =mnd
P =314 x2.2
P = 6.908cm

e When given the total circumference; to solve the diameter simply divide the perimeter by

P = 6.908cm

&

Example:
d=P-+m
d =6.908 = 3.14
d =2.2cm
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Area of a circle

e The distance from the center to the circumference is called the radius
e To calculate the area of a circle, simply multiply 7 and the radius squared

Formula: @
A = nr?

Example: ‘
A = mr?
A=3.14x%6.32
A =3.14 X 39.96
A = 124.6cm?

e When given the total area; to solve the radius simply divide the area by 7= and find the square
root of the quotient

Example:
r=VA+m
r =+124.6 + 3.14
r =+39.96
r = 6.3cm
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Graphing a circle

e The center of the circle can be represented by a pair of coordinates
e Acircle can be represented by this formula

Math Reference U

(0,7)
r
(-7,0) (r,0)
0,—r
Formula: x%+y?=r? ( )
Example: x?+y%2=25
2=25
=5

e Equation of a circle with center (p, q)
Formula: x=p)P+@—-q?=r?

Example: (x—=5)2%+(y—-2)2=25
Centeris (5,—2)

WWW.RUSTOMPATEL.COM
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Area of Composite Figures
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A composite figure is when multiple polygons are meshed together to create a new shape

e Tofind the area of a composite figure you must first divide the figure into regular identifiable

shapes and then apply the formula to solve
e Be sure to correspond to your division of area

15cm
Ay
12
cm Az I
| 45T 3em
Example: 10cm
A =1w
A =15%x4
A; = 60cm?
AZ = lW
A, =(12—-4)x(10-3)
A, =8X%X7
A, = 56cm?
A3 = 52
Az = 32
Az = 9cm?
A = A1 + AZ + A3
A=604+56+9
A = 125cm?
WWW.RUSTOMPATEL.COM
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e Even when working with different polygons, just correspond to the sectors you make

Example:

WWW.RUSTOMPATEL.COM

15cm
A
Az
A 5cm
3cm < 17cm >
4 bh
)
A - 3x5
17 2
A - 15
1702
A; = 7.5cm?
AZ = lW
A, = 75c¢m?
A3 = 7TT2
A; = 3.14 x (17 — 15)?
Az =3.14 X 22
A; =314 x4
Az = 12.56cm?

A = A1 + AZ + A3
A=754+754+12.56
A = 95.06cm?
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Angles

Formation
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e Anangle is formed by either 2 rays of line segments with a common endpoint called a vertex

Example:
Types

e Acute angle: < 90°

e Obtuse angle: > 90°

e Right angle: = 90°

e Straight angle: = 180°

o Reflex angle: > 180° and < 360°

WWW.RUSTOMPATEL.COM
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Certain angles have relationships

e Several types of angle relationships
e A complementary angle is when angles add up to 90°

Complementary

a
d

Formula: ‘ Zabd + 2dbc = 90°

a 60°

b 30°
Example:

a+b=290°

60° + 30° = 90°
a=90°-60°=30°=5b
b =90°—-30°=60°=a

e A supplementary angle is when angles add up to 180°

Supplementary

d
a / Cc
b
Formula: zabd + 2dbc = 180°
Example:
a+ b =180°

120° + 60° = 180°
a =180°—-120°=60°=b
b =180°—-60°=120°=a
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An opposite angle is when angles opposite of each other are equal and all add up to 360°

Opposite

Formula: Zabd = zcbe

a 160°

b 160°
a+b+c+d=360°
160° + 160° + 20° + 20° = 360°

a=b;a+ b =320°%360°—320°=40°=c,d
c=d;c+d=40°%40°+2=20°=c,d

Example:

Transversal means when a line or line segment is crossing 2 or more lines

When a transversal crosses 2 parallel lines, the alternate angles are equal, the corresponding
angles are equal, and the co-interior angles add to 180°

Formula: t = transversal line
Za=14b
b = 2zd
Zb+ £c = 180°

Adjacent means adjoining or next to

Example: a and b are adjacent sides
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Triangles and Angles

Triangles are classified by the measure of their angles and sides

e Triangles classified by angle

Acute triangle Right triangle Obtuse triangle

3 acute angles 1 right angle 1 obtuse angle
Examples:

e Triangles classified by sides

Scalene triangle Isosceles triangle Equilateral triangle

No equal sides 2 equal sides 3 equal sides
Examples:
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Angles in triangles are related

Interior angles are angles within/inside of a polygon
Exterior angles are angles formed on the outside of a geometric shape. By extending one side
past the vertex

b
b/ b b\
Example:

a = Interior Angles
b = Exterior Angles

The sum of the interior angles of a triangle is 180°

Example: Aa + b+ c=180°

The sum of the exterior angles of a triangle is 360°

y
Example: / x+y+z=360°
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o The exterior angle at each vertex of a triangle is equal to the sum of the interior angles at the
opposite vertices

Example:

e Equiangular is a type of triangle that has all equal angles

Example: a+a+a=%0°=60°
b
b
/" :
b+b+b=2-=120°
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Pythagorean Theorem
The square on the hypotenuse is equal to the sum of the squares on the other two sides

e Only applies to a right angle triangle
e The hypotenuse is always the longest side of the triangle
e To solve, work step by step to solve for the missing length

H
c
a
b
Formula:
a’?+ b%?= c? or
Ja:+b2=c
c
5¢
7¢
Example:
a’? +b? =c%c? = a? + b%c? = 52 + 72
%2 =25+49
c=V74
¢ = 8.6cm

e You can also check your work by confirming the rule that the hypotenuse is the longest side
and/or you can plug in your value and eliminate a given length.

Example: a’+bh? =c?
b? = c? — a?b? = 8.6%2 — 57
b? = 74-25
b =49
b =7cm

e A Pythagorean triple iswhena = 3;b =4;c =5
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Quadrilaterals and Angles
Angles in quadrilaterals are related

e The sum of the interior angles of a quadrilateral is 360°

y
z b c
a d x
w
Example: a+b+c+d=360°

e The sum of the exterior angles of a quadrilateral is 360°

y
z b c
a d x
w
Example: w+x+y+z=360°

o Angles in parallelograms are related for opposite angles are equal

Example:

e When given 1 angle in a parallelogram, we can solve the rest of the angles using supplementary

angles
a 7
0° ¢

Example:

a = 180° —50°

a =130°

b =50°

c =130°
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e  When given shapes with unassigned variables, it is possible to solve

Example:

WWW.RUSTOMPATEL.COM

7\

Start with the angle with both variables and combine them to equal 180°
x+3x—22=180
4x — 22+ 22 =180+ 22

4x 202
4 4
x = 50.5°

Solve for the rest of the variables

y=2x-—10
y = 2(50.5) — 10
y=101-10

y=91;180 - 91
y=89°z=x+15
z=>50.5+15

z = 65.5°

Since we know that the interior angles of a quadrilateral add up to 360°,
combine the other values to find u and w
360—(3x—22+2x—10+x+15) =w

360 — (6x—17) =w

360 — (6(50.5) —17) =w

360—(303—-17)=w

360 — 286 =w

w = 74°

u=180-74
u=106°
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Polygons and Angle Relationships

Angles in and polygon are related

e The sum of the interior angles (SIA) of a regular polygon and its sides, n, can be expressed
algebraically (refer to chart at the end of this section)

Formula: 180(n — 2); n = number of sides

Example: Octagon, find the sum of interior angles (SIA) . n = 8
180(8 — 2) = 1080°
= the SIA of an octagon is 1080°

o We can determine how many sides a polygon has when given its SIA

Example: SIA = 180
SIA =180(n — 2)
180 = 180°(n — 2)
180 = 180°(n) + 180(—2)
180 = 180°n — 360
180 4+ 360 = 180n — 360 + 360

540  180n
180 180
n=3

= the polygon has 3 sides. It is a triangle
e We can determine EACH angle of the regular polygon when given its SIA

Example: SIA = 140n
SIA = 180(n — 2)
140n = 180(n — 2)
140n = 180(n) + 180(—2)
140n = 180n — 360
140n — 180n = —360

—40n _ —360
—40 ~ —40
n=9

=~ The polygon with interiod angles of 140° has 9 sides
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e The sum of the exterior angles of a convex polygon is 360°

Example: a+b+c+d+e=360°
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Midpoints and Medians

Triangles and midpoints

e Triangles can be broken down into midpoints and medians
e The midpoint is the point that divides a line into 2 equal segments

6m 6m

b 4m c
Example:

bd = da, point d is the midpoint of side abcf
1
= fa point f is the midpoint of side acde = > bc
 bc = 4m then de = 2m * d and e are midpoints of 2 sides of Aabc
The height of AABC = height of trapezoid decb

Triangles and medians

e The line segment joining a vertex of a triangle to the midpoint of the opposite side
e A bisect is when a line segment cuts the area of a triangle in half by connecting vertex and the
opposite midpoint dividing the area into 2 equal parts

o Aright bisector is when a line is perpendicular to a line segment and passing through its
midpoint

Example:

Bh
Area of Aabd = area of Aadc - A = 7; B = base; h

= HeightMedian cuts Aabc into 2 equal parts. It bisects the area
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A centroid is the point where the medians of a triangle intersect

Example: ~~\x = centroid

A line segment joining the midpoints of 2 sides of a triangle is parallel to the 3" side and half as
long

The height of a triangle formed by joining midpoints of 2 sides of a triangle is half the height of
the original triangle

The medians of a triangle bisect its area

A diagonal is a line segment joining 2 non-adjacent vertices of a polygon

Circumference of a triangle

The circumference of a triangle is the point of intersection of the perpendicular bisectors of
the sides of the triangle
This point serves as the centroid of a circle which passes through all of the vertices of a triangle

Example:
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Quadrilaterals and midpoints

e Joining the midpoints of the sides of any quadrilateral produces a parallelogram

Example:

Quadrilaterals and medians

e The diagonals of a parallelogram bisect each other

Example:
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Geometric Figures

Polyhedron

o A polyhedron is a 3 dimensional polygon

o A polyhedron has a face called the base

e A polyhedron has line segments where 2 faces meet called an edge

e A polyhedron has points where edges meet called a vertex or vertices

1
————————— Segment/edge
T
l‘/

| |
|

1 Face/base : :

I |

:_ 4 \' Point/vertex
Example: ~ ~ """~ °° to—

Solids, shells and skeletons

e Asolid is a 3 dimensional object whose interior is completely filled

Example:

e Ashellis a 3 dimensional object whose interior is completely hollow

Example:

e Askeleton is a representation of the edges of a polyhedron

Example:
e Surface Area is the area on the outer shell
Formula: A=A3;+A4, +A4;5 ..
e Volume is the amount of space an object takes up

Formula: V =b X hXworbwh
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Geometric Figure Area/Surface Area Volume
Cylinder
Apage = T V = (Apase)(height)
E A A\ateral surface = 21rh
Atotal = A2 bases T A]ateral surface V= nrzh
= 2nr? + 2nrh
Sphere
P A = 4nr? V=%1r.r3 or V=%
Alateral surface = TI'S V= g‘{“b‘ﬁglé‘—lmlglm

2
Apage = Tr

Atotal = Alaf.eral surface T Abase
=Tnrs + 157‘2

V=%1tr2h or V=1

Square-
based
pyramid

5 b

1
Atriangle = Tbs

Abase = b2
Amtal = A4 triangles * Abau
=2bs + b’

& 3

v=1bh or V=4t

Rectangular prism

A =2(wh +lw +1h)

V = (area of base)(height)

V =Ilwh
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Apase =%bl
Aectangles = ah + bh + ch

Ajotal = Arectangles + A3 bases
=ah + bh +ch + bl

V = (Apase)(height)

V= % blh or
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Geometric Figure Perimeter Area/Surface Area
Rectangle ; P=l+l+w+w A=lw
J L -
-+ +
. P=2(1+w)
Parallelogram P=b+b+c+c A =bh
i or
h c
" ul P = 2(b + C)
b
Triangle P=a+b+c A=2>bk
2
a
h| \¢ or
b A= %bh
Trapezoid P=a+b+c+d A=(a+bh
a T
c h_\l or
> . 0 A= % (@ + b)h
Circle C=nd A=’
ANRE
v C=2nr

e  Frustum Pyramid

1
Formula: ;h(Al + A, + (41 X Ay))

WWW.RUSTOMPATEL.COM
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Optimization of Measurements
It is possible to find the maximum area with a given perimeter through optimization

e Optimization is the process of finding values that make a given quantity the greatest or least
possible

e Maximum means the greatest possible

e Optimizing the area of a rectangle means finding the dimensions of the rectangle with
maximum area for a given perimeter

e For arectangle with a given perimeter, there are dimensions that result in the maximum area

e The dimensions of a rectangle with optimal area depend on the number of sides. If the
perimeter is not required on all sides, a greater area can be enclosed

Formula: 4 sides

Length and Width = g

3 sides

P
Length = >
L .

Width= —;
2

2 sides

Length and Width = g
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Trigonometry

Relations between triangles

Used to find the relations between angles and lengths of triangular shapes

Ensure that radians are being used

Congruent means exact

Similar means shared angles and some side lengths

There are only 4 cases of congruency

Formula: side, side, side SSS
side, angle, side SAS
angle, side, angle ASA
hypotenuse, side HyS

Similar Triangles

e One triangle is similar to another triangle if 2 out of the 3 angles are the same

Example:

e Similar does not indicate that the lengths are equal but if triangles are similar, there are some
ratios that result
e AA means angle to angle similarity

A
A E
C
B
Example:
In AABC and AADE

£LABC = £ADE Authority: Parallel lines (F pattern)
£LACB = £AED Authority: Parallel Lines (F pattern)
£BAC = £DAE Authority: Common

~ AABC~AADE Authority: AA~
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e Shared similarities

Example:

1.
2.

3.

If AABC ~ ADEF

LA =1¢D,2B = ¢E,2C = LF

a_b ¢

d e f
AreaAABC _ a? _ b?  c?

AreaADEF ~ d2  e2  f2

e  Proofing similarities

Example:

e Cross multiply

WWW.RUSTOMPATEL.COM

In AABC and AADE

£LABC = £ADE (corresponding — F pattern)

£LACB = £LAED (Corresponding — F pattern)

~ AABC~AADE By the AA similar triangle theorem

In AABC and AADE
6_6+x

4~ 10
6xX10=4(64+x)
60 = 24 + 4x

60 — 24 = 4x

36 =4x

36

T=X

x=9

Math Reference U
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Ratios of similar triangles and lengths

Example:

In AABC and AEFG

£CBD = £FEG given
£2DCB = £GFE given
~ AABC~AEFG AA~

10x4=5%X%xe
40=5x%xe
40_
S—e
8=¢e

Math Reference U
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Trigonometry Laws

e Applies to a right angle triangle

e Always use degrees for calculations

e Atrigonometric ratio is a ratio of the length of 2 sides in a right angled triangle
e Standard triangle layout

a Opposite ¢ Hypotenues

b Adjacent
Formula:

o Athetais the angle to be found or given
Formula: 0 = theta

e The opposite is the side not joined by the vertex where the theta is. The adjacent is the side
next to the opposite
e These laws define how to find the theta is any position within the triangle

Formula: SOH — CAH — TOA

o
tan® = aldrj); Tangent

. opp . adj =
sin® = —— ; Sine cos ® = — Cosine
hyp hyp

¢ Angle of elevation is from base line and up
o Angle of depression is from top and down
e Round to 3 decimal places
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The tangent ratio

When given the opposite and/or adjacent and/or theta, 2 of these values when used with the
tangent ratio will result in finding the missing value

a Opposite ¢ Hypotenues

[ |
b Adjacent
Formula:

A 45° angle when placed with the tangent ratio will result in 1

Example: tan45° = ; =1« from A ABC

14
tan 45° = 1z =1 « from A DEF

A D
7 14
[ | [ |
B 7 c E 14 F

To solve, plug in values into their placeholders

Example: A person is standing 27m from the base of a tree. The angle of elevation to
the top is 57°. Find the trees height
opp

tan® = —
an adj

t 57—h
ans7 = —

27(tan(57)) = h
27tan57°=h
h =41576m
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e Using the arctan or the negative of tan will find the theta
Example: tan @ ;arctanf ortan~1 0

Example: A sniper is at the top of a 108m tall building, aiming at a cat that is 81m from
the front door of the building. At what angle of declination must the sniper
aim at to get the cat?

opp
tan® = —
an adj
t @—81®—t ‘1(81)@—3686—37°90° 0 =53°
an® = 7.2 0 =tan™" | T2 = 36.86 = = 53°z

-~ the angle of depression is 53°

Example: Solve for x
71
tan13 = —
X

Solution 1
(tan13)
x— =
1
71

- tan 13
Solution 2

<(tan13)>_1=<2>_1 1 x 71

1 X tan13 =ﬁtanlS X

71
x (T)x(tan 13) =71
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e The ratio does not depend on the size of the triangle, only the size of the angle

e When given the opposite and/or hypotenuse and/or theta, 2 of these values when used with
the sine ratio will result in finding the missing value

b Adjacent

Formula:

¢ Hypotenues

H

a Opposite

Example: You are looking at the top of the math tower. A statue of Pythagoras is at the
top. You are looking up at an angle of 62° and through use of GPS; you know
Pythag is 60m from you.

in62 =~
Sin —60

60sin62 = x

x = 52.97
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Example:
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Solve this triangle

g =
Sin —11

0 =27
¢<B =90 -127
4B =63

Side AC can be found in 3 ways
Pythagorean Theorem

112 — 52 = p?

98=b

Trigonometry

t 27—5
an —b
N 5
" tan27
b=98

Trigonometry

in63 = —
sin 11
11sin3 =b»
b=938

Math Reference U

195



90

WWW.RUSTOMPATEL.COM

The sin law

Math Reference U

The sine law allows you to perform calculations on triangle that are not right angled

Example:

Example:

A

S

B

In AABD

) h
sinB =—
c
h=csinB
In AACD
e _h
sin =3
h=bsinC

h=nh
csinB = bsinC
csinB

=sinC
5 i
sinB_sinC
b ¢
sin A _ sinB _ sinC
a b ¢
or
a b c

sin A - sinB - sinC
80 _  x

sin66  sin63

80sin 63
sin 66

x =178

196



90

The cosine ratio
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e When given the adjacent and/or hypotenuse and/or theta, 2 of these values when used with

the cosine ratio will result in finding the missing value

a Opposite ¢ Hypotenues
[ ]
b Adjacent
Formula:
12
39
X
Example: find x
X
cos 39 = 'y
12c0s39 =x
x =9.33
WWW.RUSTOMPATEL.COM
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The cosine law

e Dividing sine and cosine

Formula:

Example:

Example:
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. sin 6
ratio =
cos 6

oprp
_adj
~adj

hyp
__opp _hyp
=—X——

hyp  adj
_oprp

adj
=tan6

sin?f0 —sinf = 0
(sin8)? —sinf = 0
sinf(sinf —1) — 0
sin0 =0;6 =0

sinf =1;6 =90
(sin90)? —sin90 = 0
(sin0)? —sin0 =0

2(cosx)?—7cosx+3=0
Compared to

2x2—7x+3=0

2(cosx)? —6cosx —cos x+3 =0
2cosx (cosx —3)—1(cosx —3) =0
(2cosx —1)(cosx—3) =10

1
2cosx—1=0;cosx=§;x=60

Math Reference U

cosx — 3 = 0; cosx = 3; x = inadmissable, rejected
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A

Example: ¢

In AABC, draw CD perpendicular to AB, CD is the altitude, h, of AABC

WWW.RUSTOMPATEL.COM

v

Let AD = x

In AACD b? = h? + x?
BD =c—x

Z - A

, = oS

x =bcosA

In ABCD a? = h? + (c — x)?(pythag)
a® = h? 4 ¢c? — 2cx + x?

a? =h%?+x%+c? - 2cx

but b? = h? + x?and x = bcos A

a? = c?>+b%? —2chcos A
a? = b% +c? —2bccosA
b? = a® + ¢? — 2accos B
c?=a?+b?—-2abcosC

a® —b%? —c? = —2bccos A
(a®-b%-c?)
—2bc

a® — b? — c?
2bc
b%+c%2—-a?
2bc
a? + c? — b?

2ac

= cosA
= cosA
cosA =

cosB =

a® + b? — ¢

C =
Cos >ab

Math Reference U
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B
11 x
41°
A 21 C
Example:
Find x
a® = b%+c%? —2bccosA
a? =21%2 4+ 112 — 2(21)(11) cos 41
a? = 213.32
a=14.6
R
21.1 17.4
S 19.8 T
Example:
Find £S5, 2R, 2T
_((A2.1)% +(19.8)* — (17.4)%)
2(12.1)(19.8)
cosS = 0.491882626
2S5 = 60.5
4 =061
(12.1)2 + (17.4)% — (19.8)2
COSR =
2(2.1)(17.4)
LR =82
<T =180 - 61— 82
2T =37
2, .2_,2
Formula: a® = b%+c%? —2bccosa or cosa = bz#
2,.2_p2
b%? = a? 4+ c? —2accosh or cosb=%
2, p12_ 2
c? =a®+b%*—-2abcosc or cosc = EHb <t
2ab
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e Graphing quadrants or casts have trigonometry relationships
e There are 4 quadrants when graphing. The quadrants are labelled in counter clockwise order
starting at the top right quadrant. Quadrants are also known as the cast

2 sin+ 1all+
3 tan+ 4‘cos+

e Trigonometry ratios fall on certain quadrents

Given: cost;sin*;tan”
Qudrant 1: All ratios are positive;
Qudrant 2: Sine ratio is positive
Qudrant 3: Tangent ratio is positive
Qudrant 4: Cosine ratio is positive
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Working with 2 right triangles

Math Reference U

e When given enough information, anything about a triangle can be found through use of
tragicomic ratios

Example:

WWW.RUSTOMPATEL.COM

A
X
D
61
b
43 [
B 27
t 43—b
an =5
27tan43 =b
b = 25.18
) 61_x+b
anocL ="y
" 61_x+27tan43
an 61 = 57

27tan 61 = x + 27 tan 43
27tan 61 — 27tan43 = x
x = 23.53

find x

202



9\? Math Reference U

] 74° 26N\
B x C 100
Example:
In AABC
h
tan74 = —
X
_ h
* = an74
In AABD
tan 26 = h
NS =100+
100 =
+x tan 26
= —100
X tan 26
X=X
h = g 100
tan74 tan26
h h
100 =

tan26 tan 74

100—h( ! ! )
~ "\tan26 tan74
100

1 1
tan26 tan74
h =5.67
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A
X
33°
45 C
_I VA 250
y
B
Find z
In AADC
X
tan33 = —
z

ztan33 =x

In ABCD

tan 25 = Y
z

x+y=45

ztan 33 4+ ztan 25 = 45

z(tan 33 + tan 25) = 45
_ 45

L = (tan 33 + tan 25)

z =40.33

Math Reference U
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Trigonometric ratios greater than right angles

e When given a point on a graph, several items can be determined through trigonometry based
on relations

e The relations always begin in the first quadrant (upper-left), this is known as standard position

e The x axis is known as the initial arm, or where the theta begins

e The terminal arm defines the size of the angle

e The vertex is on the origin

e From the point, we can determine the hypotenuse through use of the Pythagorean theorem,
then solve the theta through use of SOH — CAH — TOA

P(6,8)

Example:

g = 8

sin =10

0= 6
cos =10

tan@ = 8

an =z

Formula: sin @ =3r—/
X

cosf = —

r

tan @ =X

X
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e When there is an obtuse angle, there can be 2 possibilities depending on the ratio used

Example: P(—4,3)
r=>5
) 3
sinf = < - 37

4
cosO = —§—> 143

3
tanf = —= - —37
an 4—>

Formula: sinf = sin(180 — )
cos@ = —cos(180 — 9)
tand = —tan(180 — 9)

e When given restrictions, the number of possibilities can be reduced

Example: 90° <0 <180°|sinf = 0.8191 —» 125°
90° < 0 <180°|cosf = —0.7431 — 138°
0° <6 <180°|sinf = 0.9903 — 82°,98°
0° <6 <180°|cosf = 0.9205 - 23°

e |tis possible to have a negative terminal arm

e When the arm rotates against 0°, the angle becomes negative

e In a case where a positive terminal arm is greater than 360°, it indicates more than 1
revolution, therefore it can be equal to another positive terminal arm, this is called co-terminal
angles

Example: 420° and 60° are co-terminal

WWW.RUSTOMPATEL.COM 206




Math Reference U

The sine law: ambiguous case

e When 2 sides and the non-included angle of a triangle are given, the triangle may be unique
e With this info, there are 3 cases: there is no triangle, 1 triangle, or 2 triangles based on the
measurements

e Cases for when the angle A < 90°; you will be given sides a and b

Example:

Example:

Example:

Example:

If a = b then there is 1 exact solution

Ifa < b and,
a = bsinA and,
2B = 90° then there is 1 exact solution

ifa < b and,
a < b sin A then there is no exact solution

Ifa < b and,

a > bsinA and,

Sine ratios of supplementary angles are equal

then there is 2 exact solutions; 1 acute triangle, 1 obtuse triangle

e Cases for when the angle A > 90°; you will be given sides a and b

Example:

Example:

WWW.RUSTOMPATEL.COM

If a < b then there is no exact solution

If a > b then there is 1 exact solution
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e The ambiguous case is really just a matter of determining how many solutions are available
when you use the sine law

Example: Solve AABC if £A = 19.8°,b = 25.8,a = 10.4

198 «o,’9
A B
sin 19.8 _ sin B
104 258

LB — sip-t (25.85in 19.8)
= Sin _—

10.4
<B =104
a =180 —-57.2
a =122°

AABC (acute) « £B = 57.2°
£4C =180—-76.4
2C =103°

c 10.4

sin103  sin19.8
_ 10.4sin103

sin 19.8
c=299

AABC (obtuse) .. B = 122.8°
£2C =180—-142.6
2C =374°

c 10.4

sin37.4 sin19.8
_ 10.45in37.4

sin 19.8
c=18.6

WWW.RUSTOMPATEL.COM
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Radians and Angle Measure

e Angles can be measured in radians and converted from degrees
e One radian is the measure of the angle subtended at the centre of a circle by an arc that is
equal in length to the radius of the circle

Formula: 6; = 1 radian
6, = 2 radian
65 = 3 radian

If 91 =1
it can be written as a ratio of% =0,
5 S0 B 2r
N U7
ro i arc_length a
f; =3 = — .~ (inradians)f = —— - 6 = —
T T T

e In order to compare radians to degrees, we must understand the length of the arc

Formula: 360°in a circle
_ arc_length B 2nr

r T
~ 360° = 2w radians

180° = w radians

180°
rador1rad =

s 1° =
180° pi
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e Find the equivalent radian measure for degrees by using the formula

e Remember to reduce

Example:

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

50°

T
50(156)
57T——0087
18
210°

T

210(156)
7n-—36651
6 - .
3_71'
4
3 (180) _ 1350
- —
4.7

180
47 (T) = 269.2901

Math Reference U
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Trigonometric ratios of any angle
[ )

Keep quadrants in mind and as to when what ratio is positive in what quadrant. Refer to the
acronym CAST (counter-clockwise from quadrant 4)

Formula: sinf = %
X
cosf = —
r
y
tan@ ==
X
r
y
b [

e The Pythagorean Theorem shows that the side lengths of a 30°|60°|90° triangle has the ratio
of 1:4/3: 2

The side lengths of a 45°|45°|90° triangle has the ratio of 1: 1: /2

WWW.RUSTOMPATEL.COM
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e These special cases of triangles have exact ratios

Formula:

0 in Degrees

30°
45°

60°
OO
90°

Formula:

Formula:

WWW.RUSTOMPATEL.COM

0 in Radians sin 0 cos 0
™ 1 V3
6 2 P
T 1 1
4 V2 V2
i V3 1
3 2 2
0 0 1
r 1 0
2
30°|60°[90°
30°
2
V3
60° |
1
45°|45°90°
45°
5
1
45°, |

Math Reference U
tan 6
1
3
1
V3
0
Undefined
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e Using the ratios, you can make definite of unknown measures

Example:

Example:

WWW.RUSTOMPATEL.COM

P(6,8)
P(6,8)

7.2

Math Reference U
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Example: P(-3,-1)

10

P(-3,-1)

r=J(=3)2 + (-1)?
r

é

sinf = —

cosf = —

= w'—‘|'—‘
=Bk

t 9—1
ang ==

6 = 198.4°

e When a question is asking for an exact result, it is looking for radicals, an approximate result
would be looking for an answer in radians

Example: sin135°
45° 7
1 2
_| 45°

1
180° — 135° = 45°
sin45° = —
V2
sin135° =

Sl -
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Example:
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cos120°
30°
2
V3
—l 60°
1
180° — 120° = 60°
60° = !
cos =3
120° = 1
cos =3
tan 225°
1
| 45°

V2
45°

270° — 225° = 45°
tan45° =1
tan225° =1

Math Reference U
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e Working with a radian value, remember the formula

Example: sin%
- m /180y |
sin— (—) sin45°
4\
50
V2
1
45° []
1
in 450 T 1
sin =—orsin—=—
vz TR
Example: cos%
m (180
cos—( )cos30°
6\ m

V3 T 3
cos30° = — orcosg = >

WWW.RUSTOMPATEL.COM
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Always check to see if there are 2 possibilities and whether they are negative or positive

. 4T
Example: sin—
41 (180
sin— (—) sin 240°
3\m
1
[ ] 605
\E 2
30°
3
240° — 180° = 60°sin 60° = g
3
sin 240° = — £
2
51
Example: cos—
5m /180
cos— (—) cos 150°
6 \m
60°
2
V3
—l 30°
1
V3
180° — 150° = 30°cos 30° = >
V3
cos150° = — -
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51
Example: tanT

57 /180
tan— (—) tan 225°
4\

] 753

45¢,

225°—180° = 45°tan45° =1
tan225°=1

e Theta in standard position 0 < 8 < 27 can solve the exact value of 2 ratios

Example: sin@ = %[%]

x = +/5% — 22
x = +V21

Quadrant 1

cos@ =

tan@ =

= =

Quadrant

cosf = —

tanf = —

N
= =
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Example:
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ws= -2

y=+(=5)?-1?
y = +V24

Quadrant 2

sinf =

E“@

tanf = —T—>—2\/6

Quadrant 3

sinf =

u1|§|
-~

tan@ =

tan@ =

N w

E

++/58

Quadrant 1

—

w
N

+

~
N

r =
T =

sinf =

cosf =

\1<-ﬂ|°~’
al~g

Quadrant 3

sinf = —

cosf = —

Ul \IU1|W
gl~g

Math Reference U
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Modelling periodic behaviour

A function is periodic if it has a pattern of y values that repeats is at regular intervals
A complete pattern is called a cycle. Cycles may begin at any point on a graph
The horizontal length of a cycle is the period of the function

Example: (Involves a set of ordered pairs)
(0,4),(8,4)
“Y1=Y2
= the period is 8 units

When given f(x) and a period, it is possible to determine an x value at a specific time

Example: (Involves a set of ordered pairs)
f(6) = —1 (From looking at graph)
f(20)
> period is 7
f6)=f(6+7)
f€)=f6+7+7)
oo f(zo) = —1

A function f is periodic if there exists a positive number p
Formula: fx+p)=f(x)

The smallest positive value of p is the period of the function
The amplitude of the function is half the difference between the max and min of the function

Example: Max = 3, Min = —1
1
Amplitude = 5(3 - (1))
=~ the amplitude is 2

State the domain and range is based on the variables used

Example: D:{0<t<12}
R:{0 < d <800}

WWW.RUSTOMPATEL.COM
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Transformations of trigonometric ratios

e Transformations that apply to algebraic expressions can also apply to functions

e Ifa > 1theny = asinx andy = acos x are stretched vertically by a factor of a

e If0<a<1theny =asinx andy = acosx are compressed vertically by a factor of a
e If a < 0then thereis a reflection on the x axis.

e g represents the altitude of the function

Example: y = 3sinx
y =sinx
1.
y = §smx

e In one cycle of a sine or cosine function, there are 5 identifying points
e x intercept points are considered zero’s, the maximum and minimum of the function is
determined by the altitude, corresponding to a negative value is below 0

Example: y = 3sinx, period = 21
T 3n
5 key points = (0, 0), (E' 3) , (1, 0), (7, —3) ,(2m,0)

e Cosine function begins at the altitude rather than 0
Example: y =4cosx,(0,0),x >0
0,4) (E 0) (1, 0) (3—7T 0) (21, 4)
) ) 2 ) ) ) ) 2 ) ) )

D:0<x<2m
R: —4<y<4

o Ifk > 1theny = sinkx and y = cos kx are compressed horizontally by a factor of%

o If0 <k <1theny =sinkx andy = coskx are stretched horizontally by a factor of k
e 360° divided by the period results in horizontal expansion or compression

e The period will be either%ﬂ or 3?(00
. : 2n
Example: y = sin 3x, period = 5
T s s 21
©00).(3.1).(3.0).(5.-1).(50)
Dio<x<’t
0=x=—
R:—1<y<1
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e When combining transformations, use the 5 point system to understand how to graph a cycle

Example: y =3cos2x,domain=—-n<x<m7
Amplitude = 3
Max = 3
Min = =3

21
Period = - >

(0,3), (% 1), (g -3), (%T” 0) (1,3)

e When given a graph and a coordinate, plug in the values and solve

Example: x = 670, amplitude = 1

T
Period = —

670 = 2"
Tk
21 T
k= s
670 _ 335

sy = sin (%)

T
A imate = — — 0.009
pproximate = == -

~y =sin0.009x

e Fory =asinx and y = acos x, the amplitude is a(a > 0)

e Fory =sinkx and y = cos kx, the period is ?’kﬂ (k>0

Radians and Degrees

2r 5w 7m 4nm  3m 5 1lm
—_— — T[ —_— —_— — — —_—
3 6 6 3 2 11 6
Degrees (x) 0 30 60 90 120 150 180 210 240 270 300 330 360

Radians (x) 0

ol S
wl S

s
2

—

WWW.RUSTOMPATEL.COM
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Translations of trigonometric ratios

e Translations that apply to algebraic expressions can also apply to functions

e Ifc>1theny =sinx + candy = cosx + c are translated upward by c units

e Ifc<1ltheny =sinx + candy = cosx + c are translated downward by ¢ units

e Proper sequence of combinations is expansions and compressions, reflections, translations

Example: y=2sinx+3
Amplitude = 2
Vertical Stretch = 2
Translate up = 3
Period = 21
D:0<x<2m
R:1<y<5

o Ifd > 0theny = sin(x —d) and y = cos(x — d) are translated right by dunits
o Ifd <0theny = sin(x —d) and y = cos(x — d) are translated left by d units
e Horizontal translations are recognized as phase shift or phase angle

Example: y = 0.5cos (x + g)

Amplitude = 0.5
Vertical compressed = 0.5

T

Phase shift left = 0

Period = 27

D: r <x<
tmo = x < >

R: —05<y<05
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e When you put both translations and transformations for functions, follow the formula

Formula: y=asink(x—d) +c
y=acosk(x—d)+c

Example: y=4cos(%x+§)—1,—4n§x$4n

1
y=4cos§(x+n)—1

Period = 4m

Vertical Expansion: 4
Horizontal Expansion: 2
Amplitude: 4
D={-n<x<3n}
R={-5<5y<3}
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Trigonometric identities

e Anidentity is an equation that is true for all values of the variable on both the left and rights
sides of the equation

e There are several identities

Formula: sin @ :%
X

cosf = —

r

y

tanf ==

X

e Quotient relation (remember to reciprocal and multiply when dividing in dividing)

sin @ 2
. - T
Example: e %
sinf _y (r)
cos@ r\x
sinf _y
cosf x
sin 8
. =tan@
cos @
e Watch for square ratios
o Pythagorean identity
.2 2 y 2 X 2
Example: sin“ 8 + cos“ 0 = (;) + (;)
2 2 2
+x r
sin? @ + cos? 6 _Y — ==
T T

~sin?6 + cos?6 =1
. sin?260 =1 — cos?0
. cos?20 =1-—sin%0

e In order to solve certain identities, you’ll need to find common denominators when given and
integer of 1
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e These 2 identities can prove other identities

Example:

Example:

Example:
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sin 6 cos 6@ .
——"=1-sin%6

tan 6
sin @ cos 6 . 5
———=1-sin“40

sin @

cos 6

) cosf 5
sinf cos O |— =1-—sin“0

sin @

cos?6 =1 —sin? 0
1—sin?0 =1 —sin?46
LS =RS

=~ this is an identity

tan?6+1 1
tan26—-1  sin26—cos2 6

sin? 0
<(c052 9) + 1) 1

sin2 6 1 " sin? 6 — cos? 6
(c052 9) B

sin? @ + cos? 6
cos? 9 _ 1

sin2 @ — cos26  sin?6 — cos2 6
cos2 0

1 (cos? 6) 1
cos? 6 (sin2 6 — cos? 9) ~ Sin26 — cos2 6
1 1
sin2 @ — cos?26  sin?6 — cos2 6
LS =RS
=~ this is an identity

sinx + tanx = tanx (1 + cos x)

) sinx

sinx + —— =tanx (1 + cos x)
cos x

(sinx cos x + sinx)
cosx
sinx (cosx + 1)

cosx
sinx
< (cosx+ 1) =tanx (1 + cosx)

= tanx (1 + cosx)

= tanx (1 + cosx)

cos
tanx (1 4+ cosx) =tanx (1 + cosx) ~ LS = RS

=~ this is an identity

Math Reference U
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Some trigonometric identities are a result of a definition, while others are derived from
relationships

Reciprocal identities are identities based on definitions
Cosecant (csc), secant (sec), and cotangent (cot), are identity names of certain ratios

1 .
Formula: cscl = —,sinf + 0
sin @

,tanf # 0

1 1
secd = ——,cos0 #+ 0cotl =
cos@ tan @

Quotient identities are derived from relationships

sin @
Formula: tanf@ = ——,cos@ # 0
cosf

cos @
cotf =

,sinf@ # 0
sin @ s

Pythagorean identities are derived from relationships

Formula: sin? 0 + cos?0 =1
1+ tan? 0 = sec? @
14 cot?6 = csc? 6

To prove that a given trigonometric equation is an identity, both sides of the equation need to
be equal. There are several methods of doing so

Simplifying the complicated side or manipulating both sides to get the same expression
Rewriting all trigonometric ratios in term of x,y, and r

Rewriting all expressions involving tangent and the reciprocal trigonometric ratios in terms of
sine and cosine

Applying the Pythagorean identity where appropriate
Using a common denominator or factoring as required

cos @
Example: cotf = o
1 cos @
tand sin6
1

sing ¢cos®

cos@  sin6
1 (cos 9) cos @

sin @ sin @
cos@ cos@

sinf sin@
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e Keep on watch for alternative ratios that might be represented differently

Example:

Example:

Example:
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1+ tan? 0 = sec? @

sin? @ 1 \?
+ o079 = coss)
cos2 0 cos 0

cos? 6 N sin? 0 1
cos?26  cos20 cos?6
cos? 0 + sin? 0 1
cos2 6 "~ cos26
1 1

cos?28 cos?0

1+ cos? 8 = csc? 8

1= ()
tan20 \sin6

_1 1
—

14 8n°60 _

cos?6 sin?6
sin? 0 N cos? 6 1
sin2@  sin?6  sin?6
sin? 0 + cos? 0 1

sin? @ ~ sin?6

1 1

sin2@ sin?8

1

tan@ + cotld = ———
sin Bcos6
sin @ + cosf _ 1
cos@  sin® sin6 cosd
sinf + cos @ _ 1
sinfcosf  sin6 cos6
1 1

sinfcosf sinfcosf
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e Recall conjugates, It may be necessary to solve in certain cases

sinx

Example: Trooss = CSCX —cotx
sinx 1—-cosx 1 1
1+ cosx(l — cosx) - sinx tanx
sinx(1—cosx) 1 sir%x
(14 cosx)(1 —cosx) sinx  cosx
sinx (1 — cosx) 1 COS X
( 1—cos?x > ~sinx sinx
sinx (1 —cosx) 1—cosx
sin? x ~ sinx
1—cosx 1-—cosx
sinx - sinx
WWW.RUSTOMPATEL.COM
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Advanced Functions

Interval Notation

A relation is a set of ordered pairs. The domain of a relation is the set of first elements in the ordered
pair. The range is a set of second elements in the ordered pair. A function is a relation in which each
element of the domain is paired with one and only one element of the range (vertical line test).

Three ways to represent a function

Numerically; ordered pairs arranged in an x, y table

Algebraically; expressed as f(x) followed by a domain and range

Graphically; on a Cartesian graph with plotted points

Power functions in general are written in the form, y = x™ where n is a whole number/integer
Polynomial functions written with constants and degrees that must be whole numbers

Formula: y=apx" + ap_ X"+ a,_x" 2+ 4 a; + ag
ag is the constant term
n is the degree of the polynomial (whole number)

Example: y =6x5+7x*—5x3+3
- Degree =5

A polynomial functions must have whole numbers as degree

Example: y=6x5+7x*-5x"3+3

Example: y = 6x°

New notation recognized as interval notation. Several cases are shown demonstrating the use
of square and rounded brackets. Square brackets indicated an equal to and/or greater than/less
than. Infinity symbol is used to signify the function continues and are always surrounded by
rounded brackets

Example: Old Notation Interval notation
{xeR| -3 <x <10} x € (—3,10)
{xeR|-3<x<10} x € [—3,10]

{x € R|x > 4} X € (4,)
{x e Rlx =4} X € [4,0)
{x e Rlx <6} X € (—,6]
{x e R} X € (—o0,0)
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Power Functions
Functions that have an identifiable whole number as a degree.

e Power functions have given names associated with their degree

Power Function Degree Name

y=a 0 Constant

y = ax 1 Linear

y = ax? 2 Quadratic

y= ax3 3 Cubic

y = ax* 4 Quartic

y= ax’® 5 Quintic

y = ax® 6 Degree 6

e Power functions can relate between odd and even degrees
e End behaviour is if the function’s extremities/ends and their location (quadrant wise). It is in
the notation of if y = 00 and x = o0

Example: y=x3
Left end is down (x,y = —o0)
Rightendis up (x,y = +o0)
Extends from quadrant 3 to quadrant 1

Example: y = x*
Leftendisup (x = +oo;y = —00)
Right end is up (x,y = +00)
Extends from quadrant 2 to quadrant 1

Example: y = —3x?
Extends from quadrant 3 to quadrant 4
-+ of an even exponent, and negative coefficient

Example: y = —%xg

Extends from quadrant 2 to quadrant 4
-+ of an odd exponent, and negative coefficient

Example: y = 2x
Extends from quadrant 3 to quadrant 1
» of an odd exponent, and positive coefficient
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Proper notation for end behaviour is comparing both the x and y endpoints and their
quadrants. Expressed as x approcahes; notated by an arrow —, infinity

Example: y =x3
as x — oo,y — oo (As x approaches infinity, y approaches infinity)
as x = —oo,y = —oo (As x approaches negative infinity, y approaches negative
infinity)

Example: y=—-x3—x*+4x+4
asx > o,y - —0o0

aSX—)—OO’y—)OO

A graph has line symmetry if the graph has a visible x-axis that divides the graph into 2 mirror
parts

Example: If a = x-axis
y=x%?x=a
~ function has line symmetry
A graph has point symmetry if the graph has points (a, b) rotated 180° and remains congruent
Example: y=x3
~ function has point symmetry

Even and odd power functions share identical end behaviour, symmetry methods, domain and
range

Feature y = x", odd y = x", even
Domain X € (—o00,00) X € (—o0,0)
Range Y € (=, ) y € [0, 00)
Symmetry Point symmetry Line symmetry
End Behaviour x:—00 |, 400 T x:—oo 1,400 T

Graphs can have a minimum number of points and a maximum number of points

Power functions can has a local minimum and a local maximum points that are visible before
they extend to infinity

Power functions can have multiple x-intercepts depending on the function itself
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e Roots of a function will also determine the degree

e Arootis defined by how many times the function crosses the x-axis or intercepts

e There are 3 kinds of roots

e First root being a real distinct root, whereby the function crosses and clears the x-axis at one
point

e Second root being a real equal root, whereby a parabola meets the x-axis

e Third root being an imaginary root, or complex root, whereby a parabola does not meet the x-
axis

o If the polynomial has a Quintic (5) degree, there will be 5 roots
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e From a power function, you can determine its alternate graphical or algebraic form recognizing
if it has a positive or negative coefficient, its end behaviours, its local minimum and maximum
points, it’s x, y-intercepts, and its symmetry method

e Graphically, determine the total number of local minimum and maximum points. Once totalled,
it can be determined that the leading degree is 1 higher than the total

o Absolute maximum and minimum refer to the functions infinite end behaviour, not local

e Graphically, depending on the location of its end behaviour, it can be determined whether or
not the leading coefficient is positive or negative, and if the degree is odd or even

y

Example:
Has 2 local minimums and 2 local maximums
** total local points = 4, .. degree = 4 + 1 = 5 or Quintic, thus an odd degree
Positive coefficients with odd degrees extend from quadrant 3 to quadrant 1

Power Functions Summary

Function Linear Quadratic Cubic Quartic Quintic
Domain x =€(—00,0) x =¢€(—00,0) x =¢€(—0,0) x =¢€(—0,00) x=¢e(—00,00)

Range y = €(—00, ) Varies x = €(—00,0) Varies x = €(—00, 00)
Max # of x- 1 2 3 4 5
intercepts
Max # local 0 1 2 3 4
min/max

—
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Finite Differences
Finite differences for a polynomial function of degree n (positive integer), the nth differences are equal
(or constant), have the same sign as the leading coefficient, and are equal to n factorial. Used typically
algebraically or numerically.

e For a positive integer n, the product n X (n — 1) X ... X 2 X 1 can be expressed as n! or

factorial
Formula: n!
Example: 5l=5x4x3x2x1

=120

e Given an algebraic power function, it can be determined which finite difference will be
constant by the function’s degree

Example: gx)=—4x3+2x—x+5
-~ the 3rd finite difference will be constant

e Given an algebraic power function, it can be determined the value of the constant finite
difference by n! where n is a positive degree multiplied with the leading coefficient

e When referred to the constant, it is referring to the value of the constant finite differences

e Where c is the constant, a is the leading coefficient, and n is the degree of the polynomial

Formula: ¢ =a(n!)

Example: gx)=—4x3+2x—x+5
c = —4(3))
c=—4(6)
c=-24

WWW.RUSTOMPATEL.COM 235




9\? Math Reference U

e With finite differences, the value of the constant also has the same sign(+) as the leading
coefficient of the polynomial

Example: Given a fifth difference of 60, determine the degree and value of the leading
coefficient
> the 5th difference is constant, the degree of the polynomial is Quintic (5)
c =a(n!)
60 = a(5!)
60 a(5)
5! 5!

N =

S =

o First differences given a table of values or numerically, works on finding the difference that
remains constant throughout the table of values. The finite difference that is constant will
determine the degree, the value of that finite difference will determine the sign value of the
leading coefficient

Example:
x y 1 2 3 4
-2 -40
-1 12 12 — (—40) =52
0 20 20—12 =8 8 —52=-44
1 26 26—-20=6 6—8=-2 —2—(—44) =42
2 48 48 — 26 = 22 22—-6=16 16 — (—-2) =18 14 — 42 = -24
3 80 48 —80 = 32 32-22=10 10—-16 = —6 —6—18 =-24

** the 4th difference is constant, the degree of the polynomial is Quartic (4)
"> the constant is negative, (—24), the leading coefficient will be negative
—24

.'.aZT—
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Equations and Graphs of Polynomial Functions
By reading a graph, the least possible degree and sign of the function can be determined.

e Functions can come in different forms and not in typical form. This new form identifies the x-
intercepts by solving each bracketed term. The degree can be determined by using like terms
with the x or graphically. Also, the y intercept can be found by zeroing the x values. Leading
coefficient can be determined by the product of the x-coefficients. End behaviour is
determined by the degree and sign of the leading coefficient.

Example: y=x(x—-3)x+2)(x+1)
Wheny =0,x = —-2,-1,0,3
Degree is Quartic (4) because the product of the x's is 4
y-intercept=(0—-3)(0+2)(0+1) =—6
a=1x1x1x1=1
+ degree is Quartic and the function has a positive leading coefficient, the
function extends from quadrant 2 to 1

Example: y=—-2x+1)3(x—3)
Wheny =0,x = —%(order 3),3
Degree is Quartic (4) because the product of the x's is 4
y-intercept = —(2(0) + 1)3(0 —3) = 3
a=-1x23%x1=-8
+ degree is Quartic and the function has a negative leading coefficient, the
function extends from quadrant 3 to 4

e Intervals can be segmented in a power function. The x-intercepts divide the x-axis into multiple
intervals. If y > 0 then it is positive, otherwise if y < 0 it is negative. Can be done both
algebraically and graphically

Example: y=x(x—-3)x+2)(x+1)
Interval (—00,—-2) (=2,-1) (-1,0) 0,3) (3, )
Sign of f(x) + - + - +
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e An order of an x-intercept or root is determined by the x factor with respect to the degree

Example: Determine an equation the polynomial function given a Quartic (4), zeroes at
—10 order 2,10 order 2, and passes through the point (0, 26)
x Factors: (x + 10) order 2, (x — 10) order 2
vy=k(x—a)(x—b)(x —c)..;y =k(x +10)%(x — 10)?
Substitute (0, 26)
26 = k(10)2(—10)?

26 10000k
10000 10000
k = 0.0026

=~y =0.0026(x + 10)?(x — 10)?
e Graphically, an order will appear as a stand alone x™

Example: Given the equation, y = —(x + 4)?(x — 1)(x — 3)
Degree = Quartic (4)
vy =-14)*(-D@A)
= —48
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0Odd and Even Functions
Graphically and algebraically indentify symmetry

e Recall that some odd degree power functions have a point of symmetry, and some even degree
power functions have a line of symmetry

e Polynomial functions can be classified as an even or odd function

e All even functions have a line of symmetry about the y-axis (x = 0)

e All odd functions have a point of symmetry about the origin (0,0)

e Aneven function is a mirror image of itself with respect to the y-axis. If f(x) is an even
function, then f(—x) = f(x)

Example: flx)=2x*-3
Test: f(—x)
f(=x) =2(-x)* -3
f(—x)=2x?-3
v fx) = f(=x)

= f(x) is an even function

e An odd function is rotationally symmetric about the origin. If the graph is rotated 180° about
the origin, it does not change. If f(x) is an odd function, then f(—x) = —f(x)

Example: h(x) = —2x3 +x
Test: h(—x)
h(=x) = =2(=x)3 + (—x)
h(=x) = 2x3 — x
“ h(x) # h(—x)
= h(x) is not an even function
“ —h(x) = h(—x)
~ h(x) is an odd function

o Neither is also a possibility

Example: g(x) = —4x? +3x — 2
Test: g(—x)
g(=x) = —4(=x)* + 3(-x) — 2
g(—x) = —4x%? — 3x — 2
v g(x) # g(—x),and — g(x) # g(—x)
-~ the function is neither an even function nor odd
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Transformations of Power Functions
Recall from previous equations, except now functions will have degrees

e Double bars surrounding a term or variable indicates an absolute value, or the positive value
only

Example: gx)==-2f[3(x—-2)]+1
la| =2

e Giveny = f(x), then g(x) = af[k(x — d)] + c is a transformed function of f(x)

Formula: gx) =aflk(x—d)]+c

a < 0 = reflection about the x-axis
0 < |a| < 1 = vertical compression by a factor of a
|a| > 1 = vertical stretch by a factor of a

k < 0 = reflection about the y-axis

0 < |k| < 1 = horizontal expansion by a factor of%

|k| > 1 = horizontal compression by a factor of%

d > 0 = horizontal shift right (fully factored)
d < 0 = horizontal shift to the left (fully factored)

¢ > 0 = vertical shift up
¢ < 0 = vertical translation down

e d may already be factored therefore in order to find the true horizontal shift you must factor
the term with k (watch the brackets)

Example: gx) ==-2f Ex + 1] —4

1
g(x) = —2f [§ (x + 3)] —4
- d = 3, Shift left by 3
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e Given a function, transform the function in the order of stretches, reflections, and translations

or SRT

e When g(x) is expected to be rewritten as a full transformation, rewrite it in standard form; or

expand the function

e In order to work graphically, get a table of values set up and apply the transformations to a

select relation

Example:

WWW.RUSTOMPATEL.COM

Given f(x) = x*

gx) = =-2f Ex + 1] —4

900 = -2f[5 e +3)] -4

Describe the transformation: Reflection on x-axis, vertical stretch by a factor of

2, horizontal expansion by a factor of 3, shift left by 3, vertical translation down

by 4

Rewrite g(x) (Not standard form)

glx) = —2(%x+ 1) —4

Sketch g(x)

foo*

gx) =-=2f Ex+ 1] -4

x y
3x—3 -2y—4
-12 —166
-9 —36
—6 -6
-3 —4
0 —6
3 —36
6 —166
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e Place g(x) into f(x) proportionally

Example:
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Given f(x) = -3(x — 1D*+2

g(x) =2f(2(x+1)) -3
gx)=2f2x+2)-3

F) = 2(—3(%(2x+2—1)4+2>—3
1 4
f(x)=2<—3(x+§> +2>—3

4

f(x)=—6(x+%> +1

Math Reference U
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Polynomial Division

Long division will be needed for this and recognizing the structure of how long division works is key

Polynomial multiplication is when you expand

Example: (x—3)(x>—-2x+5)
x3 —2x% +5x —3x% + 6x — 15
x3 —5x%+11x — 15

Polynomial division can be done by factoring

xZ—x—12
x—4
(x—4d(x+3)
x—4
x+3,x*4

Example:

Long division has a dividend which is the first term, and a divisor, which is the second term. The
quotient is the result of a division expression. The divisor is put up against each digit to see how
many times the divisor divides fully into the first digit. The result is placed on top, and value is
placed below the corresponding digit. The difference of the value and the first digit are placed
below and the second digit is brought down. The processed is repeated.

Example: 876 + 7;876:Dividend, 7:Divisor

|
[ \1|oo| -
Wl \1| |\1| N

Rl o | | |o~x|<.n

~ quotient = 125, Remainder 1
876 = (7x125)+1

When working with polynomial division and you can’t factor, focus only on x and its degree, see
what you can do to x to match the degree of the dividend. When the remainder has a degree

less than the divisor, it becomes the actual remainder

Example: x> —7x—10+x+2
wx?2=7x—-10=(x+2)(x—9)+38

Example: 3x*—2x3 —7x+4+x*-3x+1
2 3x*—2x3 —7x+4=(x?—-3x+1)(3x% + 7x + 18) + (40x — 14)
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A result in quotient form is when the dividend is physically expressed as a result of dividend
over divisor. Then equalling the result form. A corresponding statement to check the division is
writing the quotient out fully (product of divisor and quotient summed with the remainder).
Verifying the answer means you expand the quotient

Example: x3+3x2-2x+5+x+1
X3 +3x%—2x+5
h x+1
x # —1(x? + 2x — 4)(x — 1) + 9 Corresponding Statement
=x3+x2+2x%+2x—4x—4+9
=x3+3x2-2x+5

9
=x?2+2x—4+ (—) Quotient Form
x+1

Example: 3x*—4x3 —6x2+17x —8+3x—4
O 3x*—4xP—6x? +17x -8 | ) +3< ) dent B
& y— =x X y— Quotient Form

4
X+ 3 (x3 — 2x + 3)(3x — 4) + 4 Corresponding Statement

=3x*—4x3 —6x2+8x+6x—12+4
=3x*—4x3—6x2+17x—8

Synthetic division can only be used if the divisor is in the form (x + ¢), ¢ € R. Place the x factor
aside from the constants of f(x). Place a 0 in missing degrees. Multiply the first constant and
the factor and add the resultant to the second constant and so on. The last sum is the
remainder and the resultants are the new coefficients starting 1 less degree than the dividend

WWW.RUSTOMPATEL.COM

244



90

The Remainder Theorem

Math Reference U

When a polynomial P(x) is divided by (x — b), then the remainder is P(b) or when P(x) is divided by

(ax — b), then the remainder is P (S)

e Polynomial division can be written in a form whereby the remainder is given and other

constants can be solved

Formula: P(x) =D(x)Q(x) + R(x)
D = divisor
Q = Quotient
R = Remainder
or
P(x) R(x)
P~ ‘Pt om

e When given the divisor, b is the factor of x Therefore P(b) = r

Example: P(x):2x3 —2x?2—-3x+3+x-3
b=3
, 30 _
2x“+4x+9+ P Quotient Form
P(3) = 30

e Formula proof (watch x) expressed algebraically

Formula: P(x) =D(x)Q(x) + R(x)
P(x) = (x = b)Q(x) + R(x)
P(b) = (b —b)Q(x) + R(x)
P(b) = R(x)

e The remainder can be determined by subbing in the factor of the divisor into x

Formula: 3 +3x%—-2x—1+x+1
wb=—1,P(~1)
-D3+3(-1)?-2(-1))-1=3
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e Determinek

Example:
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P(x)=x3—4x’>+kx—1+2x—-3);r = %, determine

'b—3-P(3)
T2 \2
2

Q)=o) )1

P(3)=3
2] 8
7_27 (9)+3k 1
8 8 4 2
7 27 9 3k )
8 8 2

5 10_3k

2 2
10+40_3k

4 4 2
40 3k

4 2
2()-2(3)

4] “\2
60_3k

7=
15 = 3k
k=5
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e Substitution or elimination may be required given more of some information and less of another

Example:

WWW.RUSTOMPATEL.COM

P(x) = x3+3x%> —mx +n+x—5;r = 15 when divided byx — 2,7 =

—48. Determine m,n

P(5) =15
15=(5)3+3(5)>-m(5) +n
15=125+75—m(5) +n
—185=-m(5) +n

P(2) = —48
—-48=(2)*+312)?*-m(5) +n
—48=84+12—-2m+n
—68=-2m+n

—185=-5m+n

—(—68 = —2m + n) Elimination
—117 = -3m

~m =39

—185=-5(39)+n
—185=-195+n
~n=10
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The Factor Theorem
States a polynomial P(x) has a factor (x — b), if and only if (iff) P(b) = 0. Therefore if r = 0, the

divisor is a factor of the dividend. Similarly, a polynomial P(x) has a factor (ax — b), iff P (S) =0

e Only using terms

Example: 24 -6=4
~ 6 is a factor of 24

e Testing a given term can determine if the divisor is a factor of the dividend if r = 0

Example: Is (x + 2) afactorof f(x) = x3+3x2+5x+9
b=-2
f) =(-2)2+3(-2)2+5(-2)+9
r=-8+12-10+9
r=3
v f(—=2) # 0, by factor theorem, (x + 2) is not a factor of f(x)

e In order to properly factor a polynomial, using the remainder and factor theorems you can
simplify. Testing a possible factor may result in a remainder of 0

Formula: Factor f(x) =x3—7x+6
leth=—1- f(=1) =12 = b # —1
letb=1- f(1) =0 - (x — 1) is a possible factor
x3—-7x+6+x—1
=x2+x—-6
Sx—1DE*+x—6)
=@x-1Dx+3)(x-2)

WWW.RUSTOMPATEL.COM
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Integral and Rational Zero Theorem
If x = b is an integral zero of the polynomial with integral coefficients, then b is a factor of the
constant term of the polynomial

e Recognize the constant of the polynomial and find factors that could result in it (positive or
negative). These are all possible factors or test values to resultinr = 0

Example: flx) =x3—x? —14x + 24
Constant = 24
~bt=1,2,3,4,6,8..

e Test the possible factors

Example: flx) =x3—x? —14x + 24
Test: Letbh = 2
f(2)=(2)° - (2)* —14(2) + 24
f(2) =0~ (x —2)is afactor
x3—x?2—14x+24+x—2
=x2+x—12
Sf(x)=(x—-2)(x?+x—12)
=x-2)x+4)(x—3)

b . . o . . f
o Ifx= —isa rational zero of the polynomial P(x) with integral coefficients, then b is a factor of

the constant term of the polynomial and a is a factor of the leading coefficient

Example: Factor: P(x) = 6x3 — x? — 9x — 10
b+=1,2,5,10
at+t=1,2,3,6

Test: Ei = 1,1,
a 2

)

[
[ e

2
, 2,5

P G) =0 . (3x —5)is afactor
2x>+3x+2+3x—5
=2x2+3x+2

~ f(x) = (Bx—5)(2x%+3x +2)
Cannot further factor
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Families of Polynomial Functions
A family of functions is a set of functions that have the same zeros or x-intercepts but have different y-
intercepts (unless zero is one of the x-intercepts)

e An equation for the family of polynomial functions with zeros a,,

Formula: y=k(x—a)x—ay)(x—a3)..(x—a,)
keRk+0

e Given the degree and zeroes of a family, equations for the function can be determined by
getting the factor of the zeroes and alternative members of the families can be discovered by
subbing in a value for k.

e Inorder to find a member whose graph passes through a given point, substitute the values into
the original equation and solve for k

e Represent a family of functions algebraically

Example: Zeroes of a family of a quadratic function are 2 and —3
- factors are (x — 2) and (x + 3)
sy =k(x—2)(x+3)
Let k = 8;y = 8(x — 2)(x + 3); an family member
Find a member whose points pass through (1,4)
4=k(1-2)(1+3)

4=k(=D®
4 = —4k
k=-1

sy =—(x—-2)(x+3)

e The y-intercept can be treated as another point, therefore substitute x as 0 and the y value
correspondingly

Example: Zeroes of a family of a cubic function are —2,1 and 3
sy =k(x+2)(x—1(x—-3)
Find a member whose points y-intercept = —15
—15=k(0+2)(0—-1)(0—-3)
k=-25

ay=-25(+2)x—1)x-3)
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e When working with irrational zeroes, recall difference of squares: (a — b)(a + b) = a? — b?

Example: Zeroes of a family of a quartic functionare 1,—1,2 + V3and2—+/3
-'.y=k(x—1)(x+1)(x—2—\/§)(x—2+\/§)
=k(x — D+ D[(x — 2) = V3][(x — 2) + V3]
= k(- 1) [ - 2)* - (V3)]
=k(x?-1)(x*—4x+4-3)
=k(x?-1)(x*>—-4x+1)
=k(x*—4x3+x2—x2+4x—-1)
=k(x*—4x3+4x—1)
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Recall how the degree effects the number and kinds roots a polynomial functions have.
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Solving Polynomial Equations

Recall factoring and solving for x

Example:

Example:

Quadratic equation can be used to solve polynomials that can’t be factored in order to find

5x+4=0

5x = -4
4

*=75

x2—x—-12=0
x—4xx+3)=0
L x=4,-3

roots or imaginary roots

Recall common factoring

Example:

x3 —4x2—-12x=0
x(x?—4x—-12)=0
x(x—6)(x+2)=0
~x=0,6-2

The factor theorem and integral zero theorem can be applied as well

Example:

x3—3x2—4x+12=0

Let P(x) = x3 —3x2 — 4x + 12
Test: P(b)+=1,2,3,4,6,12
P(2)=0

. (x — 2) is a factor of P(x); Then divide to fully factor
or

Factor by grouping
(x3-3x?)—(4x—-12)=0
x’(x—3)—4(x—-3)=0
x?-4)(x-3)=0
x—3)(x—2)(x+2)=0
~x=3,%2
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e Difference of cubes

Formula: a® —b® = (a—b)(a? —ab + b?)
Example: x3—27
(x)*—-3)*

(x—3)(x?—3x+9)

e Sum of cubes

Formula: a®+b® = (a+b)(a? —ab + b?)
Example: 64x3 — 81
(42)* + (VB1)

3
(4x + ¥/81) (16x2 — 4Y/81x + 815)
3 a2 1\?
Alternative forms: 812 = (\/81) = (813)

e Factor sum of cubes

Example: x3+1=0
x+DE*=x+1)=0
_-bt Vb2 — 4ac
9 | 2a
1+ /(-D?2-4D)
x =
2a
1++v-3
X =—
2
1+
YT
1+iV3
x = -1,
2
WWW.RUSTOMPATEL.COM
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e  Factor sum of cubes

Example:

WWW.RUSTOMPATEL.COM

6x3—13x2+x+2=0

Let P(x) = 6x3 —13x2% + x + 2
b+=1,2

at=1,2,3,6

Test: P (g),P(Z) =0

S P(x) =+ (x—2)

Let f(x) =6x%2 —x—1

6x3—13x2+x+2=0

(x—2)(6x2—x—-1)=0

(x—2)2x—-1)@Bx+1)=0
1 1

o :2J_J__
¥=e3

Math Reference U
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Polynomial Inequalities
Recognizing polynomial intervals and when y <> 0. Can be done both graphically and algebraically.

e A change in direction can be identified at local minimum and maximum points. Plugging in
values will help you graph a polynomial function

Example: f)=+2)x—-2)(x—1)
Lx=-2,2,1
f(0)=(0+2)(0-2)(0-1)
Ly=4

f(1.5) = —0.875 Change in direction

f(—=1) = 6 Change in direction

f(—3) = —20 Visible left most point

f(3) = 10 Visible right most point

X € (—00,-2),f(x) <0

Xx€(=21),f(x) >0x € (1,2),f(x) <0x €(2,0),f(x)>0

e Solving a linear inequality. Treat the <, > signs as = signs and solve for x. A change in direction
occurs when multiplying or dividing by a negative such of that in the last step of the example.
The inequality can also be represented on a number line

Example: 5—-2x<8

—2x <3
N 3
x ——
2
e Solve a quadratic inequality. When multiplying 2 factors to get a positive result (f(x) > 0),
their signs must be the same, therefore both positive or both negative. Determine the intervals

where each factor is positive or negative. Find the zeroes, set-up intervals, and then test each

value
Example: x+2)x—1)>0
Interval (—o0,—-2) (-2,1) (1, )
(x+2) - + +
x—1) — — +
Sign of f(x) + - +

5 X € (—00,—2) U (1, 0)
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e Solve a polynomial inequality

Example:

Interval
(x+1)
(x—2)
(x—4)
Sign of f(x)

x3—5x%+2x+8<0

(=00, —1) (=12) (2,4)
— + +
— — +
— + —

o x € (—o0,—1] U [2,4]

e Solve a polynomial inequality graphically

Example:

Example:
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2x3 —=3x2—-9x+5<0
x = —1.79,0.5,2.79
o x € (—00,—1.79) U (0.5,2.79)

x3—-5x4+4>0
= —2.56,1.56
o x € [~2.56,00)

Math Reference U
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Rational Functions
A rational functions has the form h(x) = % where f(x) and g(x) are polynomials
e Domain of a rational function are all real numbers except for when g(x) = 0
e The zeroes of h(x) are equal to f(x)
xample: X) =—
X € (—0,4) U (4, 0)
x = 0 (numerator)

e Vertical asymptotes (V.A.) can be found by setting x so that the denominator results in 0
e Horizontal asymptotes (H.A.) found by charting large values of x approaching y
2
Example: flx) = povs
Domain: x € (—oo0,—2) U (—2, )
Zeroes: 2 # 0; . no zeroes
VA:x =-2
H.A Set up a table where x — +00, and see where y is approaching
H.A: y —» 0.0007

e Simplify when possible but refer to the original function for key features

x—2 x—2 1
Example: flx) = x2—2x  x(x-2) =x

x € (—0,0) U (0,2) U (2,0)
1 # 0; . no zeroes

VA:x =0

H.A:y — 0 (Test Values)

X —® y X = 0 y
-100 —0.01 100 0.01
—-1000 —0.001 1000 0.001

—10000 —0.0001 10000 0.0001
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To express the end behaviour of a rational function, use the notation of x approaching the
vertical asymptote from both the left —co, and the right co. Use small test values to determine
positive or negative infinity values. To express left, a~ and right, a™. This meaning as it gets
closer to the vertical asymptote, what is happening to y

Example: flx) = —%
VA:x =1
x—- 1° y x—- 17 y
0.9 30 1.1 —-30
0.99 300 1.01 —300
0.999 3000 1.001 —3000

asx > 17,y > o
asx » 1ty » —o0

The graph of a rational function has at least one asymptote, which maybe vertical, horizontal, or
oblique

An oblique asymptote is neither vertical or horizontal

The graph of a rational function never crosses a vertical asymptote but it may/may not cross a

horizontal asymptote
1
kx—c

The reciprocal of a linear function has the form f(x) =

The restriction on the domain of a reciprocal linear function can be determined by finding the

value of x that makes the denominator equal to zero, that is, x = %
The vertical asymptote of a reciprocal linear function has an equation of the form x = %

The horizontal asymptote of a reciprocal linear function has the equationy = 0

If K > 0, the left branch of a reciprocal linear function has a negative, decreasing slope, and the
right branch has a negative, increasing slope

If K > 0, the left branch of a reciprocal linear function has a positive, increasing slope, and the
right branch has a positive, decreasing slope
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e Reciprocal of a quadratic function has a degree of 2
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o Key features include: domain, x-intercepts, y-intercept, vertical asymptotes, end behaviour,
and horizontal asymptotes

e Simplify where possible

Example:

3 3
&) =5 = e

D:x € (—o0,=2) U (—2,2) U (2,0)

3 # 0 .~ none

-int ts:y =0;0 =
x-intercepts: y Z_1

_ 3 3
y-intercepts: x = 0; f(0) = _aY= g0 0.75

V.A: x = +2End Behaviour:

End behaviour for x = 2 End behaviour for x = —2
x—- 27 y x - 2" y x> =27 y x—> =2t y
1.9 —7.69 2.1 7.31 -2.1 7.31 -1.9 —7.69
1.99 —75.19 2.01 74.81 —2.01 74.8 —-1.99 —75.19
1.999 —750 2.001 748 —2.001 749 —1.999 —750
asx > 27,y > —o
asx » 2,y > o
asx > —27,y > o
asx > —2T,y > —o
H.A:(Numerically, sub in large values of x)
X > —0 y X > 0o y
—-100 0 100 0
—-1000 0 1000 0
—-10000 0 10000 0
HA:y =0
WWW.RUSTOMPATEL.COM 259




9\? Math Reference U

e Vertical asymptotes are always dealt with the denominator
e Horizontal asymptotes are dealt by using large values of x to see the value y approaches
e The zeroes are determined by the numerator

2x-=7
5x+3

ve(comg)u(-5)

5 # 0; -~ no zeroes

VA:x = 5
Ax = -

H.A:y — 0.4 (Test Values, Numerically)

Example: flx) =

X > —o y X — 00 y
-100 0.416 100 0.383
—-1000 0.401 1000 0.398

—10000 0.400 10000 0.0399

e The horizontal asymptote can be determined algebraically recognizing that given y = i, as

X = * oo,y = 0. Divide each term with x™ (highest degree)

Example: flx) = ii;;
2x 7 7 7
(X Tx)\_?%7x | 27x _2_
y = Er 3| 3,asx—>_00,y—> 3~5—0.4
=+2) 543 5+

The result is equal to the previous example
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o Oblique asymptotes or linear asymptotes occur in rational functions when the degree of the
numerator is greater by 1 than the degree of the denominator

e To determine the equation of the oblique asymptote, use long division. The quotient will be the
oblique asymptote

(2x3-x2+43)

x2

Example: flx) =
VA:x=0
3
Sf)=Rx-1)+ ) (result of long division, 3 is the remainder)

asx = oo, f(x) - 2x —1
~0Ay=2x—-1
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Solving Rational Equations

Solve for x-intercepts

e Solve through algebraically by factoring or quadratic equation

Example:

Example:

Example:
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x —
2x—8
X 3

2x—8 1

x =3(2x —8)
x =6x —24
5x =24

_ 24

S X = 5

4 7 3

x—1 2-x x+1
4 7(x+1)+32-x)
Tx—-1 2-0+1)
4 _7x+7+6—3x
x—1 2x+2—-x2—x
4 4x+13
x—1 x24+x+2
—4(—x?+x+2)=(x—1)(4x + 13)
4x% —4x — 8 = 4x%® + 13x — 4x — 13
—4x—8=9x — 13
—13x = -5
5
13
1 j—
x2-2x-7
1=x2-2x-7
x?—-2x—-8=0
(x—4)(x+2)=0
X =4,-2

X

Math Reference U
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Solving Rational Inequalities
Similar to solving polynomial inequalities. Numerator of a rational inequality are the x-intercepts and
denominators are the restrictions or asymptotes.

e Zeroes are found from the numerators and the undefined points are found from the
denominator. From these values, you receive the intervals, then find the sign of f(x) at each

interval
x2+3x+2
Example: 71 = 0
x+2)(x+1) >0
x+4H)(x—4)
Numerator (Zeroes): x = —2,—1
Denominator (Undefined): x = —4, 4
lntervalS:(_oo; _4)I (_4I _2); (_2; _1)I (_1F4)F (4F OO)
Interval (—o0,—4) (—4,-2) (-2,-1) (-14) (4, 00)
x+1) - - - + +
(x+2) - - + + +
(x+4) - + + + +
(x—4) = = = = +
Sign of f(x) + - + — +
X € (—o0,—4) U [-2,—1] U (4, )
2x2+4x-30
Example: 150 —4xid) <0
2(x+5)(x—3
(x +5)(x - 3) <0
(x?2 +5)(x — 2)?
Numerator (Zeroes): x = —5,3
Denominator (Undefined):no solution or x = 2
Interval (—o0,—4) (—4,-2) (-2,-1) (-1,4)
2 + + + +
(x+5) = + i +
(x—3) - - - +
(x* +5) + + + +
x—2)2 + + + +
Sign of f(x) 4 — = aF

x € (—=52)U (2,3)
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Special Case

Special case rational functions occurs when a numerator factor and a denominator factor eliminate
each other. A hole in the graph appears at the x value of the eliminated factor, and the y value of the x

substituted into the function. Recognized as a discontinuity.

e  Factor the numerator and denominator appropriately, then eliminate

Example:

Example:
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(x) = 2x2-7x—4
9 T 2x245x42

(2 + 1)(x—4)_

IO =T Dar2 *F 473
_x—4
g(x)_x+2

1
There is a hole at the point (— > -3)

) =T
(x—3)(x+2)
O =—777—

f(x) = x — 3;x # —2There is a hole at the point (—2, —5)

Math Reference U
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Radian Measure
Radian measure is the standard for measuring angles. Alternative method to degrees.

Math Reference U

e 1 radian is the measure of the angle subtended at the center of a circle by an arc equal in length

to the radius of the circle

e Number of radians is the arc length divided by the radius

Formula:

e Relationship between degrees and radian measure: 8 = 360° —

of the whole circle. Therefore, 8 = = = 2x(rad) = 360°

Example:

Example:

Example:

Example:

Example:

Example:
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G_Cl

T

2T
r

o _ T
1° = 50° (rad)

_ 150
1 (rad) = —
45° - (rad)

T (45) _ 45w T
180\1/ 180 4
200° - (rad)

T (200) = 10m
180 9
2?7[ — (degrees)
180 (271

— ) =120°
T \3 )
2.3 (rad) — (degrees)

180
—(23) = 131.8°

arc length

, or the circumference
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e Similar to degrees, radians also has special angles and triangles
e List of special angles

Degrees Radians
T
30° -
6
45° z
4
60° z
3
920° r
2
180° T
3
270° —
2
360° 21

e Trigonometric relationships fall under the special triangles
e x = adjacent,y = opposite, r = hypotenuse
e Recognizing that a triangle with angles (8) of %, 45%x =1,y=1r=+2

e Recognizing that a triangle with angles (8) of %, 30%x=v3,y=1r=2
e Recognizing that a triangle with angles (8) of g, 60%x =1,y =3,r=2

T V3
Example: cos- = — (Exact Values)
. 2m /3
Example: sin— = —
3 2
Example: sin LA
pie: PR
Example: sec o L=
ple: 6 cos = V3
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Unit Circle

When the radius of a unit circle is 1, special triangles and relations can be drawn up between
trigonometric ratios. The relationship between radian angles and side lengths of a right angle triangle.

e |nall unit circle cases, where the radius is 1, on a Cartesian plane, the point of the terminal arm

will have the coordinates x, y where x = cos 8,y = sin 8, fin standard position

Formula:

5372 569)

HE i(72)
s 21
) (-3
T F &

— 3\2° 2
2
sin9=X,r=1
r
Sinf =y
X
cosf=—,r=1
r
cosf =x

= P(x,y) = (cos8,sin @)

WWW.RUSTOMPATEL.COM
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e Evaluate for exact values only

Example: 5?71
O)si Sm V3
y) sin 3=
@ Sm 1
X) cos 3 =3
5t V3 o1
tan—=——+—-—=+3
an3 > T3 V3
Sm 2
csc 3 = 2
57r_2
sec 3 =
t5n 1
cot—=——
3 V3
Vs
Example: ~a
o1
sin 7= >
T 1
cos——=—
1" V2
t B 1
an 1=
T
—— =42
csc ) V2
T_ 3
sec )
t—o =1
co 2
Example: cosZZ cos Sl + sin 2% sins—n
3 6 3 6
_( 1) V3 N V3 (1
L2 2 2 )\2
V3
44
_2V3
T4
V3
S 2
WWW.RUSTOMPATEL.COM
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Equivalent Trigonometric Expression

Consider the x and y values when reflected into different quadrants. In quadrant 1 the terminal arm
would be P(x,y), (cos @, sin 8). Occur at 7, 27.

In quadrant 1, all the ratios are positive, in quadrant 2, sin 8 is positive. In quadrant 2 the
terminal arm would be P(—x,y), (—cos @ ,sin @)

Formula: a=m—0
cos(mr —60) = —cosb
sin(m — 8) = sin@
3

. IT . Y3
Example: sin— = sin (n - —) =—
4 4 4

Vs T
Example: oS~ = —cos (n - 5)
2/ \ 2

In quadrant 1, all the ratios are positive, in quadrant 4, cos @ is positive. In quadrant 4 the
terminal arm would be P(x, —y), (cos 8, —sin @)

Formula: a=2n—10
cos(2m — @) = cos B
sin(2mr — 8) = —sin6

Example: cos% = cos (27r = %)
V3 11w
7= (%)

V3 V3
2 2

In quadrant 1, all the ratios are positive, in quadrant 3, tan 8 is positive. In quadrant 3 the
terminal arm would be P(—x, —y), (— cos 8, —sin 8)

Formula: a=m+0
cos(m + 6) = —cosf
sin(m + 8) = —sinf
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Co-related and co-functioned Identities

. . . s 3
The following co-function identities relate. Occur at %;
e Forall occurrences of % and the sum of the angle

Formula: cos @ = cos(—0)
—sinf = sin(—0)

cos(§+9)=—sin9
sin E+9 = cos#@
(3+9)

tan(z+ 9) = —cotf

2

e Forall occurrences of g and the difference of the angle

Formula: cos 8 = sin (E - 9)

sinf = cos (—— 9)

tan 8 = cot g 9)
secH = csc (g 9)
cscl = sec (72T 9)

v
cotf = tan (— = 9)
2
e For all occurrences of%ﬂ and the sum of the angle

Formula: sinf@ = cos (%ﬂ + 9)

3
—cosf = sin(—+ 9)
2
e Forall occurrences of 377{ and the difference of the angle

Formula: —sin@ = cos (37” - 9)

3n
—cosf = sin(7— 9)

WWW.RUSTOMPATEL.COM
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e Solve for 0, Express as a function of its co-related acute angle

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

T ¢
7 2
g="_T

2 7
9_57‘[

14

T (n 57r>
COS7—COS2 14
) T 5m
.-cos7—51n14

47r_7r
9 2

o 41

2 9
o=

"~ 18

4 T T
COt? = cot (E - 1_8)
) t4n_t T
“ COo g = an18
cosll—=—sin9
137T_7'[+

18 2

_137‘[ T

18 2

_Zn

9

137‘[_ (n_Zn)
cos 18 = coSs 5=
) 13w . 2m
. COS 8 = sin 5
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Example:

Example:

cot— = —tané
14

137‘[_7'[ p

14 2

_137‘[ T

1 2

9_37‘[

7

t137T_ t(n+3n)

co 14—co >t

) t1371_ ) 3w

..COF— an7

csca = sec1.45

145="2

45 = a
—145-2

a . >

a=1.45-1.37

a=0.12

csc0.12 = sec(1.37 — 0.12)
csc0.12 = sec1.45

e Simplify the identities

Example:

Example:
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sin(m — x) + cos (g + x) + sin (377{ — x) — cos(—x)

=sinx + (—sinx) + (— cosx) — cosx

= —2cosx

Math Reference U

cos (g — x) —sin(2m — x) — cos(wr — x) + tan (g — x)

= sinx —sinx —cosx + cotx

= 2sinx — cosx + cotx
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Compound Angle Formulas
Derived from a rotated triangle with a hypotenuse of 1

e Forall sums

Formula: sin(a + b) = (sina)(cos b) + (cos a)(sinb)
cos(a + b) = (cosa)(cosb) — (sina)(sin b)
tana + tanb

tan(a + b) = 1 — (tana)(tan b)

e For all differences

Formula: sin(a — b) = (sina)(cos b) — (cos a)(sinb)
cos(a — b) = (cosa)(cos b) + (sina)(sin b)
tana —tanb

tan(a —b) =7 + (tan a)(tan b)

e Solve for the identity

. T s m . T
Example: sin—cos— + cos—sin—
6 3 6 3

= sin(%+g)
— Qi i
= sinz

Vs s .. T . T
Example: COS—C0S— — sin—sin—
4 2 4 2

= cos (g + g)

_ <3n)
= cos 2

WWW.RUSTOMPATEL.COM
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Solve and find exact values
. T . 3 21 . T T
Example: sin— = sin (T — ?) orsin (5 — Z)
M T T
= smgcosz - cosgsmz
(V3 1y 1y /1
-(3)@-0
_ V3 1
V2 2v2
_V3-1
2V2
Solve through identities to get exact values
Example: Givensinx = —%, in quadrant 4, cosy = %, in quadrant 1
cos(x +y) = (cosx)(cosy) — (sinx)(siny)
: 5y
Solve:sinx = 177
x =119
119
L COSX = ETH
4 x
Solve: cosy = 7,;
x =33
R
~siny = 17
_ _(VI19\ 4\ 5 (V33
L cosbety) = <T> ) _E(7>
_ 4119 +5v33
84

WWW.RUSTOMPATEL.COM
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Double Angle Formulas
Derived from doubling compound angle formulas

e Forsinf

Formula:

e Forcos@

Formula:

e Fortané

Formula:

WWW.RUSTOMPATEL.COM

sin2a = sin(a + a)
sin2a = sina cosa + cosasina
~sin2a = 2sinacosa

cos2a = cos(a + a)

cos2a = cosacosa —sinasina
. cos2a = cos?a —sin®a
~cos2a=1-sin’a
~cos2a=2cos’a—1

tan 2a = tan(a + a)
tana + tana

tan2a =————
1 —tanatana
tan 2 2tana
~tan2a = ———
1—tan2a

Math Reference U
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Advanced Trigonometric Identities
To prove an identity, the left side and right side should be dealt individually.

e There are guidelines for proving identities

e Being with the more complicated side and use identities to transform that side
e Express everything in terms of sine and cosine

e Consider expanding, factoring, or conjugates

e Quotient identities

sinx
Formula: tanx =
COosXx
CcoS x
cotx = —
sinx
e Reciprocal identities
1
Formula: CSCX = —
sinx
1
secx =
cos x
1
cotx =
tan x

e Pythagorean Identities

2x=1

Formula: sin? x + cos
1+ tan® x = sec®x

14 cot? x = csc? x

e Also recall compound angle formulae and double angle formulae
e Recall the guidelines for proving identities

1 .
Example: cosx = — —sinxtanx
COosSXx
1 . sinx
cosx = —sinx
COS X cos x
1 sin? x
cosx = -
COSX COSX
1 —sin®x
cosx = ——
COS X
cos? x
cosx =
cos x
COSX = COS X
~LS.=R.S.
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Example:
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sin? x
1+ cosx =
1—cosx
1 —cos?x
1+cosx =—
1—cosx
(1 —cosx)(1+ cosx)
1+ cosx =
(1 —cosx)
1+cosx=1+cosx
~L.S.=R.S.
1+secx
cscx = ——
tanx+sinx
1+ 1
1 _ COS X
i sinx .
smx - 222 +sinx
coS x
cosx+1
1 _ COS X
sinx Sinx 4+ sinxcosx
CcoS X
1 cosx+1 sinx 4+ sinxcosx
sinx Ccos X Ccos x
1 cosx +1 COoS X
- = X —
sinx cosx sinx (1 + cosx)
1 1
sinx sinx
~L.S.=R.S.
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Trigonometric Functions
Calculating the sine and cosine functions in radians.

e Zis aset of integers
e The function of y = sinx

Example: y =sinx
Domain: x € [—2m, 2] non-continuous, x € (—o, o) continuous
Range:y € [-1,1]

Period: 27

Symmetry: sin(—x) = —sinx — 0dd function
x-int: {x € R|x = mm,m € Z}

y-int: {0,0}

e The function of y = cos x

Example: Y = CoSX
Domain: x € [—2m, 2] non-continuous, x € (—o0, 00) continuous
Range:y € [-1,1]
Period: 21
Symmetry: cos(—x) = cosx — Even function

T
x-int: {x € ]R|x = > +mm,me Z}
y-int: {0,1}

e Amplitude determined by a constant

e Changes in period, result of change in distance/time for function to repeat. Determined by 27”
Formula: y = asinbx
.4
Example: y = 4sm§n
e Secant and Cosecant functions have specific domain and range

Example: y = secx
D:{x € ]R{|x ¢E+mx,m € Z}
2
Riy € (o0, —1] U [1,0)
Example: Yy =cscx

D:{x € R|x # mx,m € Z}
R:y € (—o0,—1] U [1, )
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Transforming Trigonometric Functions

Accompanied by standard transformations of functions, sketching functions can be done by addressing

5 key points in a trigonometric function

The transformed sine and cosine functions
Formula: y =asin[k(x —d)] +c¢
Formula: y =acos[k(x—d)] +c

Vertical Stretch/Compression (Amplitude)

—a: Reflection on x-axis, 0 < a < 1: Compression,a > 1 = Stretch
Horizontal Stretch/Compression (Reciprocal)

—k: Reflection on y-axis, 0 < k < 1: Stretch,k > 1 = Compression
Phase Shift

—d:Moves Right, +d:Moves Left

Vertical Translation

—c:Moves Down, +c:Moves Up

The Period of the function can be modeled by 2%

Example: y=4cos[%(x—37”)]—1;a=4,k=%,d=+%n,c=—1
2m
Period: i A
2
Amplitude: 4
3m
Phase Shift: >
Vertical Translation: Down 1
3
x y x(2x + 7) ydy—-1)
3
0 1 S 3
52
T T
— 0 — -1
2 2
7
T -1 _T[ -5
3 92
bl 0 or -1
2 T
2 1 =T 3
2
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Example: y=—251n[2(x+§)]+2;a=2,k=2,d=—§,c=2
) 21
Period: (7) =1

Amplitude: 2; Reflected on x-axis
Phase Shift: g

Vertical Translation: Up 2

1 T
x y x(Gx—2) y(=2y +2)
2 3
0 0 _z 2
3
i 1 _x 0
2 12
0 z 2
3n 56
°n -1 el 4
2 12
2
21 0 —_ 2
3
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e Given enough information, it is possible to determine the equation of a trigonometric function

Example: The average depth of water at the end of a dock is 6 feet. This varies 2 feet in
both directions with the tide. Suppose there is a high tide at 4 AM. If the tide
goes from low to high every 6 hours, write a cosine function d(t) describing the
depth (in feet) of the water as a function of time (in seconds). (note: t = 4
corresponds with 4 AM)

Letd(t) = acos[k(t —d)] + ¢
Max — Min _ 8—4
2 2
Vertical Translation: c = 6

=2

Amplitude: a =

21 T
Period: i 12;~ k = 3 (Horizontal Stretch)

Phase Shift:d = 4
Max+Min_8+4_
2 2
T
~d(t) =2 cos[g (t—4)]+6

Vertical Shift:c =

e Characteristics of tangent and cotangent functions

e Tangent, y = tan x has no minimum or maximum points. Has a period of 7. It's zeroes are
{x € R|x = mm,m € Z}. Its vertical asymptotes are {x € R|x = % + mm, m € Z}. Y-intercept
is (0,0)

e Cotangent, y = cotx has no minimum or maximum points. Has a period of . It's zeroes are
{x eR|x = % + mm, m € Z}. Its vertical asymptotes are {x € R|x = mm,m € Z}. Y-intercept

is Undefined
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Solving Trigonometric Equations
Recall trigonometric identities and special triangles. Solving for both approximate and exact values.

Solve for x.

e |solate for x and then useany method to determine the values of x

e Watch the interval and determine quadrants of x

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

Solve for exact values for 4 cos?> x — 3 = 0,x € [0, 27]

4cos?x =3
3

2, —
cos?x =2

V3

cosx = +—
-2

) _n( n_Sn)( +T[_7T[) (2 n_lln)
e\ T e )T e T )\ T T

Solve for exact values for sec? x —3secx + 2 = 0 x € [0,27]
Letsecx =y

y2=3y+2=0

o-Dy-2)=0

(secx —1)(secx—2)=0

secx =1—-cosx =1

1
secx=2—>cosx=z

T 51
X = 33 (All positive quadrants of cosine)
—3cos?x —8sinx =0

—3(1 —sin?x) — 8sinx =0

—3+3sin?x —8sinx =0

3sin?x —8sinx —3 =0

(3sinx +1)(sinx—3) =0

sinx = 3 (No solution)

. 1 .1 (1) 03
- = =) =0.34
Sinx - X Sin
SoX = (7[ + 0.34 —_ 3.48)
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Example:

Example:
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Solve for exact values for tangcos2 X — tang =0x € [0,2m]

x
tanz(coszx -1)=0

x=tan"10
x = cos 1(+1)
wx=0,m2m

Solve for exact values fortan xsin2x — 1 = 0 x € [0, 7]
(sinx

)(ZSinxcosx) —-1=0
cosx

2sinx—1=0

! _1( 1)
X = sin +—
2
L 3w
ATy
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Exponential Function
Recall law of exponents and its applications.

Exponential function is a base to a power of x

Formula:

y=b%b>0b+0

Math Reference U

Has a rate of change that is increasing/decreasing, proportional to the function for b > 1/0 <

b<1

Domain of {x € R}

Rangeof {y e R |y > 0}

y-intercepts of (0,1)

Horizontal asymptoteaty = 0
Recall all laws of exponents

Example:

Example:

Example:

Example:

Example:

y =b
y=1
y=27
1
=%
y=27°
1
Y38

lx
y=3

1
=%

1—2
y=3
y=2?
y=4
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(2x=%y*)°(-4x5y)°
By™7)3(x3y")
(23x—18y12)(_42x10y2)
(33y~21)(x3y*)
(8x—18y12)(16x10y2)
27y=21)(x3y*)

Example:

128x8y14

27x3y~17

128x~My3t  128y3!
27 C27x11

e Recall the Absolute function
e Absolute function takes the positive value of the expression
e When graphing an absolute function, only the positive values are graphed

Formula: y = |x]|

Example: y=12-3|
y=1-1]
y=1

e Recall the inverse function
e f71(x)is the inverse of f(x). Switch x with y to find the inverse function. The inverse function,
is f(x) reflectedony = x

Formula: x =bY

e Domainof {x € R|x > 0}
e Rangeof{y e R|}

e x-intercepts of (1,0)

e Vertical asymptote atx = 0

Example: fx)=2x—-1
i) =2x-1
y=2x-1
x=2y-1

x+1

2

SR =

y:
x+1
2
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e Given a table of values, you an find the function, determine if its exponential, and determine its
key features

Example:
x y Ay
1
-1
3
2
0 1
3
1 3 2
2 9 6
3 27 18
A 2—36—3 3—39—3
y-z_ I2_ ;y-l— ;3_

3
> rate of change is increasing in proportion to the function

=~ the function is exponential
Test:9 = b?

(3)2 = b?

wb=3

D:{x € R}

Ry € R|y > 0}

y-int:(0,1)

HA:y =20
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Logarithms
The logarithm, log x, of a number, x, to a given base, b, is equal to the exponent, y, to which the based
is raisedin order to produce x.

o The following are equivalent expressions
Formula: logyx =y =x=0bY

e The expression can be rewritten in both logarithmic form and exponential form

Example: 23=8
3 =1log,8
-2 1
Example: 374 = 5
2= 1oz )
= logs 9
Example: log, 16
4* =16
4% = 4?
X =
n 42 =16
1
Example: log; (5)
1
Let: 1 (—) =
et:log; 57 x
3* = !
27
3* =33
Sx =3

e Common logarithms are logarithms with a base 10. They do not have to be written into the

expression

Example: y =1log 100
10Y =100
107 = 102

e The logarithmic function takes the formy = log, x,b > 0,b # 0

e The logarithmic function is also the inverse function of an exponential function. x = bY;y =
bx
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e Transformations of exponential and logarithmic functions
Formula: y = a(b)k&x=D 4 ¢
Formula: f(x) =alogplk(x —d)] + ¢

e To graph an exponential function, first identify the basic function, then create a table of values,
and lastly apply the mapping equation

x-3
Example: y=-=2 (%) -1
1x
~2
(xx,y) > (x+3,-2y—1)
D:{x € R}

Ri{y e Rly < -1}
Asymptote:y = —1
asx — oo,y —> —1

asx — —oo,y > —

e To graph an logarithmic function, first identify the basic function, write in exponential form,
inverse the function, then create a table of values (switch x and y values), and lastly apply the
mapping equation

Example: y =2logs[2(x —2)] +1
y =log; x
3 =x
y=3"

1
(x,y) - (Ex +2,2y+ 1)
D:{x € R|x > 2}
R:{y € R}
Asymptote: y = 2
asx > 0,y - ©

asx — —oo,y > —
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Properties of Logarithms, where x,y > 0
Power Law

Formula: log, x™ = nlog, x

Change of Base

. __logm
Formula: log,m = Togb
Product Law
Formula: log, x + log, v = log,(xy)
Quotient Law
X
Formula: log, x —log, v =logy, (;)
Radical Law
n 1 1
Formula: log Vx = logxn = ;logx
State any Restrictions
Example: log(x + 1)
x+1>0

x> -1
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e Combination of these allow to evaluate logarithms

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

logs /27
1
logs(27)2
1
Elog3 27
B
2

3

2

log, 9
log9

log2
3.17

3logi62 + 21og6 8 —logy6 2
log¢ 23 +log, 82 — logyg 2
log6 8 + log,¢ 64 — log ¢ 2

| (8)(64)
0816 2

log,6 256
2

Math Reference U
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e Changing the base of power requires you to express the result in terms of a power with a

certain base
Example:

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

g =23

4_3 — (22)3
= 26

1 3
Vi6 x VY32 =162 x 325

1 3
= (2%)2 x (2°)5
4 15
=22X25
=22x23

=25

12
2k =12
log 2¥ = log 12
klog 2 =log12
k= log 12

log 2

log12
~12=2 log2
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e Solving for powers with different bases

Example: 42%=1 = 3x+2

lOg 42x-1 — log 3x+2

(2x —1)log4 = (x +2)log3

2xlog4 —log4 = xlog3 + 2log3

2xlog4 —xlog3 =2log3 +log4

x(2log4 —log3) = 2log3 +log4
_ 2log3+log4

x= 2log4 —log3

x =214

e Extraneous roots are invalid or non-real, because logarithms are positive
e  Multiple methods are required to solve exponential and logarithmic equations

Example: 53% = 63
log 53* = log 63
3xlog5 log63
3log5 3log5
x =09

Example: 4(2%) = 3x*+1

log 4(2%) = log3**1

log4 + log2* = (log3)(x + 1)

log4 + xlog2 = xlog3 +log 3

xlog2 —xlog3 =log3 —log4

x(log2 —log3) =log3 —log4
_log3 —log4

x= log2 —log3

~x =07

Example: logs 9 + logz x = log; 24
log; 9x = log; 24
> the bases are equal
9x 24
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e Factoring and simplifying may be necessary, including quadratic equation

Example: 52¥ — 5% —20=0
Lety = 5%
y2—y—20=0
-5 +4=0
y=25—4

5* =5l 5 x=1

x — ,* its an extraneous root

e Conversion into exponential form may be necessary. Take the base of the logarithm to the
power of the equation

Example: log2x —log148 = 2
2x

1 I
°8148
X

=2

x = 74(100)
x = 7400

Example: logs;(x —1) +logz;(2x+3) =1
logs(x —1)(2x +3) =1
log;(2x2+x—3) =1
2x>+x—-3=31
2x2+x—-6=0
2x—-3)(x+2)=0

o =—=,X * -2
X 2 X
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e Consider the following properties of logarithms

Example:
Example:
Example:

Example:

Example:
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log,a=1
log, b* = x
log,1=0
blogbx =x

1
oga log, b

Math Reference U
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Sums and Differences of Functions
The superposition principle states that the sum of two or more functions can be found by adding the

ordinates (y-coordinates) of the function at each abscissa (x-coordinate).

e Superposition can be constant or variable
e Giventwo functions, express as a sum

Example: h(x) = f(x) + g(x)
When f(x) = x%,g(x) =3
~h(x)=x*+3

Example: h(x) = f(x) + g(x)
When f(x) = x2,g(x) = x
h(x) =x*+x
s~ h(x) =x(x+1)

e Giventwo functions, express as a difference

Example: P(n) =R(n)—C(n)
When P(n) = 8n,C(n) = 200 + 5n
P(n) = 8n— (200 + 5n)
P(n) =8n—200—5n
=~ P(n) =3n-— 200
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Products and Quotients of Functions

Combining functions in these matters will draw up calculable domain and range, intercepts, symmetry,

and asymptotes.

e Giventwo functions, express as a product (expand)

Example: p(x) = f(x)g(x)
When f(x) =x+3,g(x) =x? —x — 12
p(x) :x3—x2—12x—3x2—3x—36
KX p(x) = x3 + 2x2 —15x — 36

e Given two functions, express as a quotient

. _ &
Example: glx) = )
When f(x) =x+3,g(x) =x*—x—12
() = x+3
=G+ —-4
1
= 4 —
q() =_——x#4-3
WWW.RUSTOMPATEL.COM
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Composite Functions
Composite functions are when given 2 functions, f(x) and g(x), the composite of f and g is

foglx)= f(g(x)); expressed as f of g at x
e Given 2 functions, determine the composite combinations

Example: Given f(x) =vVx,g(x) =x+5
fog =f(g®)
=f(4+5)

-\
=3

Example: Given f(x) =vVx,g(x) =x+5
gof® =g(f@)
=g(V4)

=2+5
=7

e Simplify composite functions

Example: Given f(x) =vVx,g(x) =x+5
foglx)=f(g(x)
=f(x+5)
=Vx+5

Example: Given f(x) =vVx,g(x) =x+5
gofx)=g(f(x)
= 9(Vx)
=x+5

Example: Given f(x) =vVx,g(x) =x+5
geogx) =g(g(x)
=g(x+5)
=x+10

e Because g o f(x) # f o g(x); therefore, composition is not commutative
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The only time composition is commutative is when the composition is with itself and its inverse

Example: Given f(x) = ,g(x) = x2; Determine the domain

fog)=f (g(x))
= f(x*)

3
=x2_4,x¢i2

x € (—o0,—2) U (—2,2) U (2,)
BAS (_OOJ 0) U (0' oo)

Example: Given f(x) = x%
1)
3
y_x—4
3
X = m
3
y-4=+
3 4 _ 3+4x
y = ; +4ory= .
Example: Given f(x) = ,g(x) = x?
feof )= f(f 1(x))
3 + 4x
f
_ (3 +4x —4x
3
_3
"
=x
Example: Given f(x) = ,g(x) = x?
f- 1°f(x): 1(f(X))

=X
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Rate of Change

Average rate of change is a change that takes place over an interval

e Quotient of change in y and x

A —
Formula: 2 _h
Ax Xp—Xq

e Given an interval, the average rate of change can be found

Formula: a<x<b
fb) - f(a)
b—a
Example: f(x) =x?
2<x<3
f(3)—f(2)=9—4
3—-2 1

e Asecantis a line joining 2 points on any curve

e Instantaneous rate of change is the slope of a tangent to a point on any curve

e There are multiple methods to find the instantaneous rate of change

e First method: average of average rate of change requires two intervals around a set value. An
interval before the value and one after

Example: flx)=x?;x=2
1<x<2=3
2<x<3=5
3+5
—
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e The second method requires graphing the function, then drawing the tangent and picking 2
points off the tangent line to calculate the slope
e The third method involves analyzing all secants close to the value

Example: fx)=x%;x=2
P(2,f(2)) = P(24)
Q(x, f(x))
G- f@) _x?-4
Pe x—2 x—2
x— 27 Mpg x - 2% Mpg
1.9 3.9 2.1 4.1
1.99 3.99 2.01 4.01
1.999 3.999 2.001 4.001
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Increasing and Decreasing Functions
Methods for identifying different types of functions and for what intervals they are increasing or
decreasing.

e Afunction f is increasing on an interval (a,b)is f(x;) > f(x;) when x, > x; for all
x; € (a,b)

e Afunction f is decreasing on an interval (a,b)is f(x;) < f(x;) when x, > x; forall
x; € (a,b)

e Determine the turning points in a function and asymptotes. Express increasing and decreasing
areas in interval notation omitting turning points and asymptotes

Example: flx) =x3—2x
Local Max: (—2,16)
Local Min:(2,—16)
X € (—00,—2) U (2,)
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Calculus

Limits

A limit is the value a function approaches as the x-value approaches a number. Limits are behaviours

for when x approaches a value

A functionhasalimitLasx — a
Formula: limy,_, f(x) =L

Provided that value of f(x) gets closer to L as x gets closer to a on both sides of a, a®

=2 o 2% 1y %31
x2—4x+3  (x=3)(x—1) x—-1’ !

lirgl_ f(x)=0.5

X—

Jim, /) = 03

~ lim f(x) = 0.5
x—3

Example: flx) =

A limit exists if and only if both of its one-sided limits exist and are equal
Example: limy_ .- f(x) =lim,_ + f(x) =limy,, f(x) =L

A limit exists as x = a (approaches), notequal x = a

Example: lim,_, f(x) # f(a)

Multiple cases for limits including do not exist (DNE)

Example: fx)= xiz
lim f(x) = DNE
x—0
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Properties of Limits
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e For any constant function c and any real number a

Formula:

lim,_,C=C

e Forany function f(x) and any real number a

Formula:

lim,,x=a

e For any 2 or more functions that have an existing limit with a constant, several rules apply

Formula:

Formula:

Formula:

Formula:

Formula:

Formula:

limyq Cf (x) = Climyq f(x)

lim,e,o[f (%) £ g(x)] = lim f(x) + lim g (x)
limo[f (x) X g(x)] = limf(x) x limg(x)
lim o [f (x) + g()] = limf(x) + lim g (x), limg(x) # 0

limyea[f ()17 = limea[f (2) X f ()] = lim £ (x) X lim f (x)

- limsco]

Let f(x) = x
iy =N - bl - =

e For any polynomial function, factor and cancel, rationalize, then substitute

Formula:

Example:

WWW.RUSTOMPATEL.COM

lim,_, P(x) = P(a)

lim,_,,(3x% + 5x — 4)
= lim(3x?%) + lim(5x) — lim4
x—2 x—2 xX—2

= 3limx? + 5limx — 4
xX—2 xX—2

=3 (}Ci_rgx)z +5 (chl_rgx) —4

=3(2)2+512)—4
=18
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e Like polynomial functions, rational functions need to be factored and cancel in order to justify
restrictions and the asymptotes. Disregard restrictions because limits solve for approaching

value

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

lim (xz_x_é)
xX—3 x—3

lim(x? —x — 6)
— x—3

lim(x — 3)

x-3
32-3-6

3—3

0
0
=0

improper solved

lim (xz_x_G)
x—-3 x—3

}Ci_rg(x —3)(x+ 2)

lim(x — 3)
x—3

= lim(x + 2)

x—-3
=342
=5
li x%2-2x-8
M1
(x+2)(x—4)

x+1

Cannot solve, ~ x = 1,lim,_;f(x) = DNE

== hmx_)l

Math Reference U
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e Radical functions require rationalizing and must be considered from both left and right sides in
order to form an appropriate limit

Example: lim,_, Vx — 2
= limv2 X 2

xX—2
— 0
= 0 improper solve

lim =0
x—2+

lim = DNE
xX—2"
~ lim = DNE

xX—2

Vx+3-/3
Vx+3-vV3 Vx+3++3

Example: lim,._,

= lim X
x=0 x Vx+3+43
) x+3-3
= lim
=0 x(Vx + 3 ++/3)
= lim X
0 x(Vx + 3 +V3)
1
= lim———
x>0 (vVx +3 +/3)
B 1
23
V3
6

WWW.RUSTOMPATEL.COM

305



9\? Math Reference U

Continuity
A continuous function is a function that does not stop or have any breaks in the function.

e Continuous functions include linear, polynomial, and sinusoidal functions
e Discontinuous functions include rational functions (asymptotic or hole) and jump-discontinuity
or piecewise functions
e Several definitions apply to a continuous function
o f(a)is defined
o limy_,, f(x)is defined
o lim,q f(x) = f(a)
e Rules
o All polynomial, exponential, and sinusoidal functions are continuous infinitely, x € R
All radical (3/x,n is even) and all log x functions are continuous for x > 0

All radical (3/x,n is odd) are continuous forall x € R

o O O

All rational functions are made up of continuous polynomial functions and therefore
continue everywhere except for restriction in the denominator
o f and g are continuous at x = a, the following apply: (f + g) is continuous at x = q,

(fg) is continuous at x = a, and (5) is continuous atx = a,g(a) # 0

e |norder to remove a discontinuity, a function that has a hole in the graph needs a point;
therefore redefine a hole function as a piecewise function including a point

2_ — i
Example: fx) = 2x x_S; > = (zx;lz;x R + 1,holeatx =3
lin% fRx+1)=7,P(37)
X—
2x%—5x—3 0
“f)=1"x=3  *7
7, x=3

e A jump-discontinuous function is a piecewise function
e Ainfinite discontinuous function is a rational function with a vertical asymptote(s)
o A removable discontinuous function is a rational function with a hole
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Limits involved Infinity

Vertical asymptotes occur on the y-axis due to restrictions. Horizontal asymptotes occur on the x-axis
due to end behaviour. Opposed to the traditional table of values method to prove and justify the
equation of the asymptotes, limits are an alternative method.

Vertical Asymptotes

Consider a simple rational function

Example: fx) = %,limx_)(,i
Asx - 07, lir(r)l_f(x) = —00
X—

Asx - 0%, lim f(x) = o
x—-0%

~ lim f(x) = DNE
x—=0

1
Example: flx) = =

= lim f(x) = o

x—0

Calculating limits at restrictions requires the use of identifying the restriction (denominator)
factor(s) and then finding its limit from both the left and right sides. Provided the limit is DNE,
then you have proved the vertical asymptote
Find values approaching a from the left and right to see if the result is positive/negative infinity

Example: flx) = X F2
y 3x
= —00
xlgq‘ x—2
3x
= O
x-2tx — 2
lim = DNE
X-2X —
V.A.:x =

Working with trigonometric functions and limits

Example: llmx_)g tan x

sin x
= 00

im
x_% Ccosx

sinx

im = —o00
xoEHCOSX

2

] V4
llrr71rtanx =DNE,~V.A.:x = 5

x—>2
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Horizontal Asymptotes
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Consider a simple rational function

Example:

Formula:

1
flx) = o
1
lim—-=0

x—o00 X
1
lim —=0
x—}—OOx

“H.A:y=0

1
— asx > o =0
X

li L_ 0
xodoo X7

Calculating end behaviour requires that you force the identity lim,_, 4, xin = 0 into any function

. ., oo
in order to avoid— =1
+oo0

Example:

Example:
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3x+2
f(x)—4x_1
1 2
po 3x 42 _3x+2(5) (3+;) _3+0 3
sowdx —1 4x—1\1]~ N\ 4+0 4
</ (4-(3)
CHAiy=-
S LAY —-4
3x+2
f(x)—m
1 3,2
g SX T2 _3x+2(57]) xtxz) 0+0
wx2—4 x2—4\ 1|\ _4|T1+0
— 1--3
X X

~HA:y=0
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Derivatives
A derivative is the slope of a tangent line on any curve, also recognized as the instantaneous rate of
change at any point on a curve. Calculated using first principles.

e Slope is calculated on 2 points off a curve. The line going through the points is called a secant
e Slope of the secant represents average rate of change of a function over the intervala < x < b
e Instantaneous rate of change is the slop of the tangent, with an interval of 0 (a < x < b)

. _ [)-f(@

Formula: Map ==, =

e Instantaneous rate of change is the slope of the tangent, with an interval of 0 (a < x < b)

e Let the denominator or interval be h, and the slope of the secant approaches the slope of the
tangent as the size of the interval approaches 0. Use first principles formula with any notation
(multiple notations; prime)

Formula: f'tx) = limhﬁow,x =a
, dy df d ,
fl(x) = dx = dx = %f(x) =Y = Mtangent

e The result of the formula will be the derivative of the formula, only works where a limit exists
o The derivative of any polynomial will be a degree less than the original function

Example: f(x) =4x2—-3x+5
fGx+h) = f(x)

f'() = lim

h
 4(x+h)?-3(x+h)+5—(4x?2—-3x+5)
f'(x) = lim
h-0 h
o) = 1 4x%+ 8xh +4h?> —3x —3h+5—4x2+3x -5
f(x)—hl_r}?) h
oy — i BT h? = 3h
f1e=lin=——p
,  h(8x +4h—3)
f'x) = Jim h

f'tx) = }lli_r)l?)8x+4h—3
f'(x)=8x+3
ff)=5
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Differentiability
A function f (x) is differentiable at x = a if f'(a) exists. Differentiability is the ability to find the slopes
of a tangent at x = a. To differentiate is to find the derivative. A function must be continuous and
smooth in order to be differentiable for allx = a

e All polynomial, sinusoidal, and exponential functions are differentiable everywhere for all of
xX=a

o All logarithms and even radical functions are differentiable for x > 0

e All odd radical functions are differentiable for all except x = 0

Example: f(x)=vVx,x =

o (xFR-VE
f(o):}l‘i%( h )
, o (VO+R—+0\(VO+h+0
ro=pm (") ()
: (VR
fm)=k£%<7)
o (VR\ (VR
o= (7) ()
, h
ro=n(7)

/1
£/ = Jim ()

1
o)==
£'(0) = DNE
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The Constant and Power Rule

Constant Rule

Math Reference U

e Constant functions have the form f(x) = c and a graph of a horizontal line

e Prove the constant rule using first principles

Example: fx)=C
) = }lli_r}g)f(x + h})l — f(x)
, . C-C
f1e0 = lm——
f'x)=0
d TN
noC= 0,f(x)=C,f'(x)=0
Power Rule

e For linear functions the derivative is 1

flx) =x

f'() = lim

Example:

fx+h) - fx)
h

x+h+x

e = im
I} = | h
fr&) = RS0k

f'(x) = }lll_r)l?)l

fl) =1
@ = x 0 =1
”dx_ ,fx _x’f x) =
e The constant and linear rules are special cases of the powerruley = C -y = Cx% y =x -
y=x'
WWW.RUSTOMPATEL.COM
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Power rule can be proven through first principles for a power function (use the binomial

expansion theorem)

Example: %x”
o) = L E W =1
0 = =

f'(x)

= lim

((x" —nx"1h + (—n(nh— 1)) x"2h% + o+ nxh™ 1 + h") - x")

h—-0

(nx”_lh + (—n(nh— 1)) x"2h% + 4+ nxh™ 1 + h")

f'() = lim

f'(x) =nx"1

:—xx” =nx"" L f(x) =x" f'(x) = nx"?
Example: flx) =x3

f'(x) = 3x2
Example: f(x) =x8

f'(x) = 8x7
Example: fx) = %

flx) =x"°=-5x"°%= _%

3
Example: fx) =x2

1
Example: f(x)=VYx=x3
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e With a constant, use the power and limit rules to prove
Example: f(x) = 3x?

d _
a(Cf(x)), Let g(x) = Cf (x)

gx+h) —g(x)
h
Cf(x+h) = Cf(x)
h
Cfx+h) - f(0)
h

JEAN—fG)
h

f'Go) = lim

f'G) = lim

f'Go) = lim

f'() = lim

fx+h) - fk)
h

f'tx) = }lllr% C }11_1}(1)

f(x) =Cf'(x)
Example: f(x) = —2+W = —%(x_g)
oy 3 (2
£ =15(x7)
N3
Fe =
e All formulas for constant and power rules
Formula: fx)=C
flfx)=0
Formula: fx)=x
flfx) =1
Formula: fx)=x"
f'(x) =nx™t
Formula: f(x) =Cx™

f'G) = Cnx™™h)
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The Sum, Difference, and Polynomial Rules
Recall polynomial functions are made by the addition and subtraction of individual terms and each term
is its own function. The derivative of each individual function is the derivative of the whole polynomial
function.

e The sum and difference rule can be proven using first principles

Formula: p(x) = h(x) £ k(x)
p'(x) = h'(x) £ k'(x)

e A polynomial function is the addition or subtraction of 2 or more power functions

Example: f(x) = —3x° + 4x% — 3vx
1
f(x) = —3x5 + 4x? — 3x2

3 _(l)

f'(x) = —15x* + 8x —5x 2

3
"(x) = —15x* 4+ 8x — —
f'(x) NS
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Velocity and Acceleration
Velocity is the slope of a distance time graph, thus a derivative of a distance time graph. Acceleration is
the slope of a velocity time graph, thus the derivative of a velocity time graph.

e Second derivatives is when you take the derivative of an already derived function

Formula: alt) =v'(t) =d"(t)

WWW.RUSTOMPATEL.COM
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The Product Rule

The derivative of a product is not the product of its derivatives. Prove using first principles.

e Expanding the function initially also works
o Of f(x) = g(x)k(x) and g(x) and k(x) are differentiable

Formula: f'(x) = gk’ (x) + k(x)g’ (x)
d d d
E[g(x)k(x)] = k(x)ag(x) + g(x)ak(x)
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The Chain Rule

Addresses the composite function in the form f(g(x)) where f and g are differentiable

e  Use first principles to prove

d

Formula: % [F(x)] = dg(x)f(g(x)) (di_gf))

f'(g()g' x)
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Intervals of Increase and Decrease
Recall that intervals can be used to determine areas of increase and decrease within a function along

with local minimum and maximums.

e If a function is increasing, the slope or Ay is positive

o [f a function is decreasing, the slope or Ay is negative

e Ax is always positive (left to right)

o Test for increase and decrease in functions by taking the derivative of a function
o If f'(x) > 0forall x of an interval, then f(x) is increasing for that interval
o If f'(x) < 0forall x of an interval, then f(x) is decreasing for that interval

Example: flx) = §x3 —2x%2+16x +1

f'(x) = =-2(x*-2x+38)
f'(x) =-2x+4)(x—2)

f'(x) = 0,x = —4,2 Can represent a max or min
Interval/f’(x) (—o0,—4) (—4,-2) (2,)
_2 — — —
(x+4) = + its
(x—2) - - +
Sign of f'(x) - + +
Behaviour of f(x) Decrease Increase Decrease

. f(x) is increasing on (—4,—2)
f(x) is decreasing on (—oo, —4) U (2, o)
Local minimum at x = —4, local maximum atx = 2
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Minimums, Maximums, and the First Derivative
Minimums and maximums can be local or absolute.

e Afunction f(x) has a local maximum (or minimum) at C if f(C) = f(x) (or f(X) < f(x)) for
all x close to C

e Afunction f(x) has an absolute maximum (or minimum) at C if f(C) > f(x) (or f(X) < f(x))
for all x in the domain of f(x)

e A maximum or minimum is when the slope is 0, f'(x) = 0

e Notall f'(x) = 0 are maximums or minimums (turning points)

e Critical numbers are points on the graph where f'(C) = 0 or f'(C) = DNE

e Critical numbers are when things are changing on the graph or something different occurs

e First derivatives test for local/absolute extrema. Let C be a critical number of function that is
continuous over a given interval

If f(x) changes from negative to positive at C, then the point (C, f(C)) is a minimum

o If f(x) changes from positive to negative at C, then the point (C, f(C)) is a maximum
o If f'(x) does not change signs then f(C) is not a maximum or minimum
o If f'(x) is negative for all x < C and f'(x) is positive for all x > C, then f(C) is an

absolute minimum
o If f'(x) is positive for all x < C and f’(x) is negative for all x > C, then f(C) is an
absolute maximum
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Inflection Point, Concavity, and the Second Derivative
The second derivative of a function reveals the point of inflection and concavity.

e Concavity is the curvature (shape) of the graph
e Curvature depends on a change in slope
o If the ends of the graph point up, then curvature is concave up
o If the ends of the graph point down, then curvature is concave down
e f(x)is concave up if f'(x) is increasing
e f(x) is concave down if f'(x) is decreasing
e For a differentiable function where a second derivative exists:
o f(x)isconcave upif f''(x) > 0; +
o f(x)is concave down if f"'(x) < 0; —
e A point of inflection is a point on the graph where curvature changes from concave up to down
(vice versa) if (C, f(C)) is an inflection point then "' (x) = 0 provided f''(C) exists
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Oblique Asymptotes
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The end behaviour for a rational function. Is a slant asymptote if the vertical distance between the

curve y = f(x) and the slanted line approaches 0 as — oo.

Occurs when the numerator is a degree less than the denominator

Formula: limy_eo[f(x) —(mx+b)] =0

If f(x) = = HA:y =0
a

Iff() =20 H Ay =2

If £(x) =x’f1—1_11,H.A.:y =mx+b

E le: _ x%2-x—6
xample: Y=
6
=x —
Y x—1

The quotient is the oblique asymptote
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Curve Sketching
Using the original function and the first and second derivatives, it is possible to sketch a graph.

e Working with f(x)

o Factor

o Find zeroes (x-intercepts)

o Find y-intercept

o End behaviour

o Restrictions
e Working with f'(x)

o Factor

o f'(x) = 0 are critical numbers

o Maximum and minimum in a behaviour chart
e  Working with f"'(x)

o Factor

o f"(x) = 0 are possible inflections

o Inflection/Curvature in behaviour chart

%3
x2-4

Example: fx) =
e
&= e+
x=0x+* 12
V.A:x=42
y-int: f(0) =0
End Behaviour: Oblique

F) = x4 =

x%2—4

0.A.:y=x

, x* —12x*
flx) = W
) x2(x? —12)
flx) = W
x?(x —V12)(x + V12
0 = 2= VB D)
Critical Numbers: f'(x) =0
X = i\/ﬁ, 0,x 12

x =22

f(£V12) = 5.2(min), —5.2(max) Local
8x(x?% +12)

[0 =

(x—2)3(x+2)3
f"(0)=0,V.A.:x = £2; f(0) = Inflection
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Limits of Trigonometric Functions
Solve trigonometric functions using several methods including table of values, substitution, factor and
rationalizing, and squeeze theorem.

e Solving limits using substitution

Example: lim,_,, cosx
=cosm
=1

Example: limx_)%(sin X — COSX)

T s
= sin— — cos—
4

4
1 1

ARV
=0

e Solving limits through factoring

Examole lim (sin2 x+cotx—1)
: | ———
P x=2 cosx
~ [((1—=cos?x)+cotx—1
lim
P cosx

2

~ [(=cos?x) + cotx
lim
x_,g Ccos X
cosXx
—cos®x + <
lim
ol cosXx
2
] 1
lim — cosx + —
x_,g sinx
T 1
= —(CO0S E + T
ins
)
=1
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e Solving limits through rationalizing

Example:

lim ( sinx )
=0 \ Vsinx
) sinx +/sinx
lim
x—0

Jeinx sz
) sinx(m)
= /sin 0
=0

e Unable to factor, rationalize, or substitute, use squeeze theorem
o f(x) < g(x) < h(x)forall x thenlim,_, f(x) = limy_, h(x) =L
o «~limy,g(x)=1L

Example:

. 2 1
lim,_,4 x“ cos o
cos a has a minimum and maximum of 1
—1<cosa<l1

1
—1<cos—<1
X

1
—x? < x?cos— < x?
x

lim(—xz) =0
x—0
lim(xz) =0
x—0
1
«#L.S.andR.S.= 0, lim x2 cos (_) —0
x—0 X

sinx

e Definition: lim,._,q — = 1
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Derivatives of Trigonometric Functions
All derivative rules apply to trigonometric functions

e Definition: lim,_,q % =1
- : -1
e Definition: lim,._,q % =0

o First principles can solve trigonometric functions

Example: f(x) =sinx
f'(x) = cosx
f"(x) = —sinx
f'""(x) = —cosx
f'""(x) =sinx ...

o Apply derivative rules

Example: f(x) = 3sinx + 2x?
f'(x) =3cosx + 4x

Example: g(x) =sinxcosx
g(x) = cosx cosx — sinx sinx
g'(x) = cos? x — sin® x
g'(x) = cos2x
1
Example: h(x) = sinvx = sinx2
Iy/1 1
h'(x) = (cost) (Ex 2)
cosvx
h(x) =
2vx

Example: m(x) = /(cos(x? + 4x)) = cos(x? + 4x)%

Math Reference U

m'(x) = %(cos(x2 + 4x))_%(— sin(x? + 4x))(2x + 4)

—(x + 2) sin(x? + 4x)

Jcos(x? + 4x

m'(x) =
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Derivatives of Exponential Functions
The derivative of any exponential function is an exponential function multiplied with a constant.

o Iff(x) =a* f'(x) =[f"(O)][f(x)]

e  First principles can solve exponential functions

Example: f(x) =a*
f'(x) =a*C

e If y = 2% the derivative is below f (x), compression

h_
o limyo(t) <1
e If y = 3* the derivative is above f(x), expansion

o limy_g (?) >1

o The base of the exponential function between 2 and 3 will have a derivative the same as the
original function
o e=2718..

o e=limy,(1+ %)x

o 1=limeo(S)

P

Example: flx) =e?*
f/(x) = Zer

Example: f(x) =2e7*
f'(x) =—-2e7*

Example: flx) =el™2x

fl(x) — _2e1—2x
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The Natural Logarithm
The natural logarithm has a base e and is written as a lawn function.

An exponentials inverse is a logarithmic function and vice-versa

Formula:

log, x =Ilnx

Math Reference U

The lawn function can be used in place of a logarithm function because a logarithm function

has a base 10

Example:

Example:

Example:

e andIn cancel each other out because they are inverse functions

Example:

Example:

Example:

WWW.RUSTOMPATEL.COM

y=e”
y=Inx

Ine*
=xlne
=x(1)

=X

elnx

Ina=Inx
a=x
elnx —

eX =7
Ine* =1n7
x=1In7

Inx =3
elnx — 3

x=e3

In(5x —2) =4

eln(5x—2) — e4

5x —2 =e*

_e4+2
=75
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Derivatives of Exponential Functions
A pattern can be found when looking for the coefficient values. The pattern follows the lawn function.

e The constant depends on the base and will be different for each exponential function
e The value of the constant is f'(0)

Formula: f(x) =a*
f'(x)=Ina-a*
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